
  

3    vectors 
  

3  1

3 Vectors 
 

Content 
 

3.1  Vectors in two and three dimensions 

    Include: 
 Addition and subtraction of vectors, multiplication of a vector by a scalar, and their geometrical 

interpretations 

 Use of notations such as 
 
 
 

x

y
, 
 
 
  
 

x

y

z

, x yi j ,  x y zi j k , 

AB , a  

 
 Position vectors and displacement vectors 

 Magnitude of a vector 

 Unit vectors 

 Distance between two points 

 Angle between a vector and the x-, y- or z- axis 

 Use of ration theorem in geometrical applications 

 

3.2  The scalar and vector products of vectors 

    Include: 
 Concepts of scalar product and vector product of vectors 
 Calculation of the magnitude of a vector and the angle between two directions 
 Calculation of the area of triangle or parallelogram 

 Geometrical meanings of a.b  and a b , where b  is a unit vector 

 

     Exclude triple products a.b c  and  a b c  

 
3.3  Three-dimensional geometry 

Include: 
 Vector and Cartesian equations of lines and planes 
 Finding the distance from a point to a line or to a plane 
 Finding the angle between two lines, between a line and a plane, or between two planes 
 Relationships between 
 (i) two lines (coplanar or skew) 
 (ii) a line and a plane 
 (iii) two planes 
 (iv) three planes 
 Finding the intersections of lines and planes 

 
     Exclude: 

 Finding the shortest distance between two skew lines 
 Finding an equation for the common perpendicular to two skew lines 
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3  2 

3.1 Vectors in two & 
three dimensions 

 

Solutions 
 

1.  

(a) 
     
            
          

 2 1 1
1 1 0
0 1 1

AB  

 
     

            
     
     

 0 1 1
1 1 0
4 1 3

AC  

 
   
       
      

0 1
1 0 0
0 1

 and 
   

       
   
   

0 1
1 0 0
0 3

   (ans) 

 

(b) Mid-point of AB 
 
   
 
 

3
2

1
2

1  

 Vector equation of line: 

 
   
       

     

r

3
2

1
2

0
1 1

0
,     (ans) 

 
 

2. 
 
   
 
 

 1
1
0

AB  

 Line  
   

        
   
   

r
2 1

: 0 1 ,
1 0

l  

 
 
   
 
 

 1
1 0
0

CP  

 
 

 
       

              
     
     

 2 3 1
2 2

1 0 1
CP  

 



     
         
   
   

1 1
2 1 0

1 0
 

     1 2 0  
   1

2  

 
 

  
 
 


3
2
1
2

1
OP  

If ABCD is a rhombus, D is the point of reflection of 
point C in the line AB. 

 
 
CP PD  

 
  
 
    
 
 

 
1
2
1
2

1
2

1
OD OP  

 
     
              

        


3 3
2 2
3 1
2 2

0
1

21 1
OD    (ans) 

 
 
3.  

(a) 
 
   
  

 1
2

3
OA  

 
 
   
 
 

 5
3

0
OB  

 
 
   
 
 

 4
5

3
AB  

 
   
        
      

r1

1 4
: 2 5

3 3
l ,     (ans) 

 

(b) 
   
         
   
   

r2

4 1
: 4 2

3 2
l ,   

 Substituting 

OA  into 2l , 

 





   
        
       

1 4
2 4 2

3 3 2
 

  1 4  – Equation 1 
   2 4 2  – Equation 2 
   3 3 2  – Equation 3 
 From Equation 1, 
   3  
 Since   3  consistently, A lies on 2l .   (ans) 
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3  3
(c) Let   be the acute angle between 1l  and 2l . 

   

   
        
   
    1 1

4 1
5 2

3 2 20cos cos
(50)(9) 15 2

 

  1cos 0.943 19.5  (to the neaest 0.1 )   
(ans) 

 
(d) Length of projection of AC on 1l  

AN (where N is the foot of the   
   perpendicular from C to 1l ) 

  

     
              
     
      

   
       
   
   

 4 1 4
5 2 5

3 2 3
4 4

5 5
3 3

AC

 

   
20 2 2
50

 

 


3AC  

 Shortest distance 

CN    
223 2 2 1    (ans) 

 
 
4.  
(a) When   1 , 

 
     
             
     
     

r
1 0 1

2 2 0
3 1 4

 

 1l  passes through point A.   (ans) 
 
(b) Let the acute angle be  . 

 

   
      
       

0 1
2 2
1 1 3cos

5 6 30
 

   56.8    (ans) 

(c) Let M be any point on 2l . 

 





 
   
  

 1
2
4

OM  

 
 

 
 

      
              
           

 1 1
2 4 4 2
4 2 2

EM  

  
     26 12 20  

     26 1 14  

 Shortest distance  14  when   1 .   (ans) 
 

 
5.  
(a) Using Ratio Theorem, 

 




  2 3
2 3

OB OAOC  

     
             
     
     

32 1
5 5 5

3 1 9
1 2 4

1 0 2
   (ans) 

 

(b) Direction vector, 
     
              
     
     

 3 1 2
1 2 3

1 0 1
AB  

 Vector equation of :l  

 
   
        
   
   

r
1 2
2 3
0 1

   (ans) 

 

(c) 


 


     
              
     
     

 1 2 1 2
2 3 2 3
0 1

OF  

 
 
 

 

     
               
           

 1 2 1 2
2 3 1 3 3

5 5
PF  

 Since 

PF  is perpendicular to the line l , 

 
    
 
 

 2
3 0

1
PF  





   
         
       

2 2
3 3 3 0

5 1
 

      4 9 9 5 0  
  1  
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3  4 
   

         
   
   

 1 2 3
2 3 1
1 1

OF    (ans) 

 

(d) 
   
        
        

 2 2
3 3 0

5 1 4
PF  

 Perpendicular distance from the point P to the  
line l  

        
 222 4 20 2 5 unitsPF     

(ans) 
 
(e)  

  
2OQ OP PF  

  
     
               
            

1 2 5
1 2 3 3 1

5 5 1 3
   (ans) 

 
 
6.  
(a) By Ratio Theorem, 

 
 

     
 
 

  1
1

2
0

OA OBOM  

 Therefore,  
 Vector equation of line l : 

 
 
   
 
 

r
1
1
0

,     (ans) 

 
(b) Since N lies on l , 

 
 
   
 
 

 1
1
0

ON  for a particular value of x  

 


 
     
             
          

 1 0
1 1 1
0 2 2

ON  

 Since AN is perpendicular to l , 

 
 
   
 
 

 1
1 0
0

AN  

    1 0  
   1

2  

 Hence, 
 
 

  
 
 


1
2
1
2

0
ON    (ans) 

(c) Since AOCM is a parallelogram, 
 

 
OC AM  

  
     
            
          

1 0 1
1 1 0
0 2 2

 

 
     
             
           

 1 0 1
0 1 1

2 2 4
AC  

 
     
              

         

 
1
2
1 1 1
2 2 2

0 1
1 1
2 40

AN AC  

Since AN is parallel to AC and A is a common point, 
A, N and C are collinear.   (ans) 

 
(d) Since AC is perpendicular to OM, AOCM is a 

rhombus. 

 Hence,  1CO
CM

   (ans)  

 
 
7.  
(a) Vector equation of aircraft flight plan: 

 
   
         
   
   

2 3
r 3 1

4 2
 

 



OG  position vector of soldier 

  
 
   
 
 

3
4

6
 

 
 
   
 
 

 2
3

4
OA  



OP  position vector of aircraft nearest to  

    soldier 
  

 
  
 
 

3
1

2

 
  
 
 

3
4

6

 
G 

P 
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3  5

 

             
                              

                         
 




2

3 3 5 3 3
1 1 1 1 1

2 2 2 2 2
149 1 4

AG

AP  

  
 
    
 
 

5
7

3
1

2
 

 
     

                 
     
     

  
5 1
7 7

2 3 1
3 1 16

4 2 18
OP OA AP  

 Shortest distance 

PG  

  
          
                     
       
       

1 1 4
7 7 7

3 1 20 5
4 16 12 3

6 18 24 6
 

     4
7 25 9 36 4.78  

 Alternatively, 

 
 

    
  

 2 3
3

4 2

p
OP p

p
 

 
 
    
 
 

 3
1 0

2
GP  

 
   

         
       

5 3 3
1 1 0

2 2 2

p
p

p
 

      15 9 1 4 4 0p p p  
   5

7p  

 
 
 
 

                       


5
7

5 1
7 7

5
7

2 3 1
3 16

184 2

OP  

 Shortest distance 

                         
2 2 25 5 5

7 7 75 3 1 2 2  

  4.78    (ans) 
 
(b) Equating, 

 
 

 
 

     
         
       

1 2 2 3
1 5 3
3 3 4 2

 

    2 3 3  – Equation 1 
   5 4  – Equation 2 
   3 2 1  – Equation 3 

Solving from Equations 2 and 3, 
   1 ,  1  

Substituting into Equation1, Equation 3 is not 
satisfied. 
Hence, the beam will not shine on the aircraft.   
(ans) 

 

(c) 
 
    
 
 


4
7

5
3

6
GP  

   angle between the original searchlight 
direction and 


GP  

 

   
       
       

   

2 5
5 3

3 6
cos 0.834

4 25 9 25 9 36
 

   146.5  or 33.5    (ans) 
 

 
8. A unit vector in the direction of 


AB  

  

   
                              

   




2 2

9 1
7 2

10 2
2 2 1 15 1

5 5 510 5 0 0

AB
AB

 

Let N be the foot of the perpendicular from O to 
line l . 

 Length of projection of OA on l  

  

   
       
           

    
  
 
 

2 2 2

1 2
2 1
2 1 2 2 2

2 2 ( 1) 1
1

1

AN  


2
6

 or 6
3

 

 Length of perpendicular from O to l  

   2 2OA AN  

     
      

 

2

2 2 2 2 6( 1) 2 2
3

 

  
5
3

   (ans) 

 
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3  6 
9.  ˆ 90DCE  
  

 
0CD CE  

    d c d c( ) ( ) 0k  

     d c d c2 2( 1)( ) 0k k  

 Given that c 3 , 1d  and  ˆ 60COD , 
     (1) ( 1)(3)(1)cos60 9 0k k  
 15k    (ans) 

 
 
10.  

(a) 
 
   
  

a
0
1

4
 

 
 
   
  

b
6

5
1

 

 
 
   
  

c
4
7

9
 

 
       
                    
               

 6 0 6 2
5 1 6 3 2
1 4 3 1

AB  

Line AB is parallel to the vector  i j k2 2  (shown)   
(ans) 

 
(b) Vector equation of line AB, r  

  
   
        
      

0 2
1 2

4 1
,     (ans) 

 
(c) Let P be the foot of perpendicular from C to line AB, 

r  

  





 
   
   

2
1 2

4
 for some   

 
 

 
 

     
              
              

 4 2 4 2
7 1 2 6 2

9 4 5
PC  

 
 
    
 
 

 2
2 0

1
PC  

  





   
         
       

4 2 2
6 2 2 0

5 1
 

   1  

 
 
   
  

 2
3

5
OP    (ans) 

 
(d) Length of projection 

  

 
OC AB
AB

 

  

   
       
         

    
  
 
 

2 2

4 2
7 2

9 1 15 5
2 2 ( 2) 1

2
1

    

(ans) 
 

 

11. 
   

       
      

r1

1 2
: 2 1

5 1
L ,   

 
   
        
   
   

r2

2 1
: 2 2

3 1
L ,   

 Since 
   
       
      

2 1
1 2

1 1
k , 1L  is not parallel to 2L . 

 Consider  
        

                 
              

1 2 2 1
2 1 2 2
5 1 3 1

 

     1 2 2  – Equation 1 
    2 2 2  – Equation 2 
    5 3  – Equation 3 

 Solving Equations 2 and 3, 
   2  
   4  
 Substituting into Equation 1, 
 LHS  7  
 RHS   4 LHS 



  

3    vectors 
  

3  7
Hence, no values of   and   satisfy Equations 1, 2 
and 3. 

 1L  and 2L  do not intersect. 
 1L  and 2L  are skew lines.   (shown) 

 
 Note that 2 3L L . 

 
 
     
  

   6
1

3
AB OB OA  

      


2 2 2( 6) 1 ( 3) 46AB  

 Length of projection, 
 
    
 
 

 1
1 2
6 1

AF AB  

  
   
         
      

6 1
1 111 2
6 63 1

 

 Perpendicular distance  
   

 

2
1146

6
 

  
155

6
   (ans) 

 
 
12.  

(a) 
     
              
     
     

   4 1 3
3 2 1
5 3 2

AB OB OA   

 
       
                   
       
       

   10 4 6 3
5 3 2 2 1
9 5 4 2

BC OC OB  

 
 

1
2AB BC  

Since 

AB  is parallel to 


BC  and B is a common 

point, A , B and C are collinear.   (ans) 
 
(b) Length of projection of 


OA  on line OB 

  
   
             
   

2 2 2

1 4
1 252 3

5 24 3 5 3 5
 

  
5 2 units

2
   (ans) 

 

13.  
(a)  


u sSU  

  


u tTU  

         
 

u u u t s u s tSU TU  
          u u t t u s t2 ( ) cos180  

         u u t u t u u2 ( 1)  
   0  
 Thus, SU and TU are perpendicular. 
 
 Alternatively, 
     

 
u s u t( ) ( )SU TU  

     u s u s( ) ( )  

    u s2 2 0    (ans) 
 
(b) 
(i)  

 
  


a bOP  

          


a b a a b1 1
2 2 2OQ    (ans) 

 
(ii)   

  
1
2OQ OB OR  

  
  

2OR OQ OB  
     


a b b a1

2(2) 2 2OR  

 
 

2OR OA  
Since O, R and A are collinear, R is on OA produced. 

 
Alternatively, BQ produced such that BQ QR . 

 
 

2BR BQ  
 

 
2OR OA    (ans) 

 
 
  
  
  
 

 
    

A

B 

O 

P 

R 

Q 
b 

a 

 2,2,3B

 4,1,6A

2L  

3L
F
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3  8 

3.2 The scalar & vector 
products of vectors 

 

Solutions 
 

1. 

(a) 
 
   
 
 


3
c

OA
d

 

 
 
   
 
 

 10
12
2

OB  

 
 

   
  

 10
9
2

c
AB

d
 

 Let 
   

      
      

10 1
9 3
2 0

c

d
. 

  3 9  
   3  
  10 3c  
  2 0d  
  7c  and  2d    (ans) 
 
(b) Given: 


OP  is perpendicular to 


AB . 

  
 

0OP AB  

 



   
         
   
   

  1

1

10 3
12 3 9
2 0

OP AB  

 



   
        
   
   

1

1

10 3
12 3 9 0
2 0

 

     1 130 3 108 27 0  
   130 138  
    138

1 30  

 
 
 

  
 
 


27
5

9
5

2
OP  

 Shortest 

OP  

        
2 2 2927

5 5 2 6.0332    (ans) 

(c) Let 



 
   
 
 

 10
12 3
2

OQ  

 Given:  AOQ BOQ . 

 

 
 

        
                 
       
       

7 10 10 10
3 12 3 12 12 3
2 2 2 2

62 248
 

     70 7 36 9 4  
         1

2 100 10 144 36 4  
    16 110 23 124  
   7 14  
   2  

 
    

         
   
   

 10 ( 2) 8
12 3( 2) 6
2 2

OQ    (ans) 

 
 
2. 

(a) Let 


 
   
   

 2
3 2

1
OA . 

 


:OA l  

 


   
        
       

2 0
3 2 2 0

1 1
 

      6 4 ( 1 ) 0  
   5 5  
   1  
  2,1, 2A    (ans) 
 

(b) Let  
       

                 
               

2 0 4 3
3 2 3 1

1 1 4 1
. 

   2 4 3  – Equation 1 
    3 2 3  – Equation 2 
      1 4  – Equation 3 
 Solving Equations 2 and 3, 
   1  and  2  
 Substituting   1  and  2  into Equation 1, 
  2LHS  
    4 6 2RHS  
 Hence, l  and m  intersect.   (ans) 



  

3    vectors 
  

3  9
(c)  

 
Let O’ be the point of reflection of O about the line 
l . 

 
   
        
       

  2 4
' 2 2 1 2

2 4
OO OA    (ans) 

 
 
3.  
(a) Line AB:  

      r i j k i j k2 5 ,   
Line :l  

      r i j k i j k2 4 5 2 ,      

 Let  

  
       
                 
               

1 1 2 2
2 1 4 1

1 5 5 1
 

    1 2 2  – Equation 1 
    2 4  – Equation 2 
      1 5 5  – Equation 3 
 From Equations 1 and 2, 
  3 6 3  
   1  
 From Equation 1, 
    1 2 2( 1)  
   1  
 Substituting   1  and   1  into Equation 3, 
     1 5 6LHS  
     5 1 6RHS  

Since LHS RHS , line AB and l  intersect and the 
position vector of their point of intersection is: 

 
     
             
           

 1 1 0
2 1 3

1 5 6
OP    (ans) 

(b) When  4y , that is, when  4 0y , 

 
  

2 0 5
2

x z  

  2x ,  5z  
  2,4, 5N  

 
     
            
            

 2 1 1
4 2 2

5 1 4
AN  

 Direction vector of :l  
   d i j k2  

 
   
            
      


d

1 2
2 1 2 2 4 0

4 1
AN  

 

AN l  (shown) 
Note that point N is the foot of the perpendicular 
from point A to line l . 

 Let 'A  be the reflection point of A about l . 
      

  
i j k' 2 3PA PA AN  

Equation of image, by reflection, of the line AB in 
line l  is given by: 

      r i j i j k3 6 t , t    (ans) 
 

 
4.  
(a) 

 
Let N be the foot of the perpendicular from D to BC. 

    2 cos45 1AN DN  

  


2 3
sin60 3

DNBD     

      


1 31 1
tan60 3

AB AN NB    (ans) 

 
(b) Area of AOC  
          1 1

2 2DN AC DN AN NB BC  

   
 

        
 

1 1
2 2

3 2 31 1 1 3
3 3

   (ans) 

 

A B C 

D 

120° 45° 

2  

N 

I 

O 

A 

O’ 
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3  10 
5.  
(a) 

 
AB kBC  

 




    
        
      

4 5
1 5
2

k  

  1
5k ,   5 ,   10    (ans) 

 

(b) 

     
            
     
       
 
 
 
 
 





1 5 1
1 1 1
2 2 2 8cos
1 30 6 180
1
2

OA

OA

 

   53.4  (to 1 decimal place) 

 Distance  


sin 4.40 unitsOA  (to 3 sig. fig.)    

(ans) 
 
(c) 

 
1
3OP PB  

 
   
          
   
   

 
1 1 1
4 4 2

4 2
2 1

0 0
OP OB  

 


 


     
               
     
     

 4 1 4
2 1 2

0 2 2
OQ ,   

 


 
 

    
          

   
   


31

2 2

34 1
2

2 2
PQ  

 






    
              

          
 
  
 
 


3
2

3 22
11

020
5

2 5
1

0

PQ

 

     3
26 2 5  

    5
2  

 
     
              
          


5 1
2 2

4 1 3
2 1 9

0 2 10
OQ    (ans) 

 

6.  

(a)          
cos cos

3
CBD x  

            
   

1
2

3cos cos sin
3 2

x x x  

  
   

    
 

2 2
1
2

3 2 3 21
2 2 4

x x xx    (ans) 

 

(b) 
  
 

       
   

sin sin sin
3 3 3

a b c

x x
 

 

  
 

2 sin
3
3

a x
b  

 

  
 

2 sin
3
3

a x
c  

 b c  

      
 

2 [ sin cos cos sin
3 33

a x x  

      
 

sin cos cos sin ]
3 3

x x  

     
   

 

22 3cos 2 1
23

a xx a  

     22b c a x    (ans) 
 

 
7.  
(a) 

 
 a 2 , b 1  
  4OX ,  1OB  
    60OXP XOB  (alternate angles) 
 Using cosine rule for the triangle OAP , 
    2 2 2 2( )( )cos60OP OB OX OB OX  

     a b 2 1
22 1 16 2(1)(4)  

  a b2 13  (shown) 

  

O B 

Q P X 

2a b
2a b  

2a

b

60



  

3    vectors 
  

3  11
Using cosine rule for the triangle QOB , 

    2 2 2 2( )( )cos120OQ OB BQ OB BQ  

      a b 2 1
22 1 16 2(1)(4)  

  a b2 21  (shown) 

          a b a b a b a b2 2 2 2 cos  

  a b2 24 13 21 cos  

  


16 1cos
13 21

 

   24.8     
 
 Alternatively, 
        a b a b a b22 2 2  

     a a b b2 24 4  
      4(4) 4(2)(1)cos60 1 13  
  a b2 13  (shown) 

        a b a b a b22 2 2  

     a a b b2 24 4  
      4(4) 4(2)(1)cos60 1 21  
  a b2 21  (shown)   (ans) 
 
(b) 
(i) Vector equation of the line AB : 

 
   
       
   
   

r
3 0
1 1
3 3

,     (ans) 

 
(ii) P  is a point on the line AB . 

 
   
       
   
   

 3 0
1 1
3 3

OP  for some   

 13OP  

      2 2 23 (1 ) (3 3 ) 13  
          2 2 29 1 2 9 18 9 169  
    2 2 15 0  
    ( 5)( 3) 0  
   5  or 3  

 Hence, 

 
   
        
   
   


1

3 0
1 ( 5) 1
3 3

OP  

  

   
       
   
   


2

3 0
1 (3) 1
3 3

OP  

    


2 2
1 2 8 0 1 3 8 10P P    (ans) 

 
 
8.  

(a) 
     
              
          

 5 2 3
2 3 5

3 1 4
AB  

 Equation of line AB: 
      r i j k i j k(2 3 ) (3 5 4 )    (ans) 
 
(b) When line AB meets the xy-plane,  0z . 
   1 4 0  
   1

4  

      


i j k i j k1
4(2 3 ) (3 5 4 )OD  

   i j11 7
4 4  

 Coordinates of D:  11 7
4 4, ,0    (ans) 

 

(c) 
     
             
            

 4 2 2
1 3 2

2 1 1
AC  

 Length of projection, k  

  

   
        
           

  
  
 
 

 



2 3
2 5
1 4 6 10 4

3 9 25 16
5

4

AC AB

AB
 

    6
5

12 2
50

   (ans) 

 
(d) Equation of line AC: 
         r i j k i j k2 3 2 2  

 P  lies on the line AC . 

 




 
   
   

 2 2
3 2

1
OP  
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3  12 




  
         

       

  
11
4
7
4

2 2
3 2

1 0
DP OP OD  

  





  
 

  
   

3
4

5
4

2
2

1
 

 

DP  is perpendicular to the line AC. 

 
 
    
  

 2
2 0
1

DP  

             3 5
4 42 2 2 2 ( 1 ) 0  

   1
3  

 




 
      
   


i j k8 7 4

3 3 3

2 2
3 2

1
OP    (ans) 

 
 
9.  
(a) Cartesian equation: 

  
 


1 3 , 4

1 1
x y z    (ans) 

 
(b) Since A lies on the line l ,  

 



 
   
 
 

 1
3
4

OA  for some fixed   

 

 
 
   
 
 

 1
1 0
0

OA  

      (1 ) (3 ) 0  
   2 2 0  
   1  

 
 
   
 
 

 2
2
4

OA    (ans) 

(c) Since B lies on the line l , 

 



 
   
 
 

 1
3
4

OB  for some fixed   

 
 
 

       
                
     
     

   1 2 1
3 2 1
4 4 0

AB OB OA  

 Given: 


2 2AB , 

      2 2( 1 ) (1 ) 8  
  2(1 ) 4  
    2 2 3 0  
    ( 3)( 1) 0  
   3  or   1  

 
 
   
 
 

 0
4
4

OB  or 
 
   
 
 

 4
0
4

OB    (ans) 

 

(d) 

   
      
          

 2 2

1
1 1
1 0 1 1cos

4 22( 2) 2( 2)

a

a

a a
 

    21 2a a  

    2 2( 1) 2a a  
    2 22 1 2a a a  
  2 1a  
   1

2a    (ans)  
 

 
10.  
(a)  

     


2 1 3 76 5 1
3 4

   (ans) 

 

(b)  
        
                   
       
       

1 2 5 1
2 1 1 3
2 1 7 4

 

      1 2 5  – Equation 1 
     2 1 3  – Equation 2 
    2 7 4  – Equation 3 
 Solving Equations 2 and 3, 
   3 ,   2  
 Substituting into Equation 1, 
   7LHS RHS  
 Hence, 1l  and 2l  intersect. 
 Coordinates of point of intersection: 
   7,5, 1    (ans) 

l 
A 

O 



  

3    vectors 
  

3  13

(c)   

   
        
   
    1 1

2 1
1 3

1 4 9cos cos
6 26 156

 

   43.9  

 
  

       
               
           

7 6 1
5 2 3 1 9 16

1 3 4
PQ  

  26  
  26 sin43.9 3.54PN    (ans) 

 
 
11.  
(a) Equation of line AD: 

 
   

        
   
   

r
2 3
8 5
7 2

,     (ans) 

 
(b) Let E be the foot of the perpendicular from O to line 

AD. 

 




 
   
  

 2 3
8 5
7 2

OE  

 




    
         
      

2 3 3
8 5 5 0
7 2 2

 

   16
19  

 
 
   
 
 


1

19

10
72
165

OE    (ans) 

(c) 

 


   
        
      

2 3 1
8 5 3
7 2 10

 

   2 3  – Equation 1 
   8 5 3  – Equation 2 

   7 2 10  – Equation 3 
 Solving Equations 1 and 2, 
   1  
   1  
 This pair of solution does not satisfy Equation 3. 

Hence, the two lines do not intersect and are skew 
lines.   (ans) 

 
 
12.  
(a) 

 
 Angle between planes ABC and BCD 
     60AMD  

   27 2 3DM  

   2 24 2 12AM  
    2 2 2 2( )( )cos60AD AM DM AM DM  

        1
212 3 2 3 12  

  9 3 cmAD    (ans) 
 
(b) Angle between BD and plane ABC 
  DBN  
    3

23sin60DN  

            
   

1 1 3sin sin 34.5
2 7

DNDBN
DB

 

(to the nearest 0.1 )   (ans) 
 

A C 

B

D 

4 cm 

7 cm  

M 
2 cm 

2 cm 
N 

P 

N 

Q 

l1 

l2 
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3  14 
13.  

(a) 
 
   
 
 

 5
2

4
OA  

 
 
   
 
 

 1
0
2

OB  

 
   
         
   
   

r
5 1

: 2 3
4 2

Ll ,   

 
 
     
  

   4
2

2
AB OB OA  

Vector equation of line passing through A and B: 

 
   
        
   
   

r
1 2
0 1
2 1

,     (ans) 

 

(b) 
   
         
   
   

 5 1
2 3

4 2
ON  for some  . 

 Since line BN is perpendicular to line L, 

 
 
    
 
 

 1
3 0

2
BN  

 




       
                 
            

5 1 1
2 3 0 3 0

4 2 2 2
 

      4 6 4 (1 9 4) 0  
   1  

 
     
              
     
     

 5 1 4
2 3 1

4 2 2
ON  

    
  

1
2ON OB OD  

 
     
              
     
     

   4 1 7
2 2 1 0 2

2 2 2
OD ON OB    (ans) 

(c) 
     

             
          

 4 5 1
1 2 3
2 4 2

AN  

 Length of projection of 

AB  onto L 

           2 221 3 2 14 unitsAN  
  

Alternatively, 
 Length of projection of 


AB  onto L 

  
 

     
             
           

  



22 2

1 4 1
3 2 3

2 2 2

141 3 2

AB

 

  
  

 
4 6 4

14 units
14

   (ans) 

 

(d) 





 
   
  

 1 2

2
OQ  for some   

   cos cosAOQ BOQ  

  


   
   
OA OQ OB OQ
OA OQ OB OQ

 

 
 

 
 
 

        
                  
               

  2 2 22 2

5 1 2 1 1 2
2 0

4 2 2 2

1 25 2 4
 

        


5 8 (10 2 4) 1 4 (2 2)
45 5

 

   


13 16 5 4
3 5 5

  

    13 16 3(5 4 )  
   1

2  

 
 
 

  
 
 


1
2

5
2

2
OQ    (ans) 

 



  

3    vectors 
  

3  15
14.  
(a) Vector equation of 1L : 

 
   
       

     

r
3
2

2 3
2 0

2
,   

Cosine of the acute angle between the two lines: 

  

    
      
       

3 1
0 2
2 1 1

13 6 78
 (shown)   (ans) 

 
(b) Equating the two lines, 
    2 3 1  – Equation 1 
  2 1 2  – Equation 2 
    3

2 2 3  – Equation 3 
 From Equation 2, 
   1

2  
 From Equation 1, 
    1

22 3 1  

   1
2  

 Checking, from Equation 3, 
   3 5

2 21LHS  

   1
23RHS LHS  

Position vector of the point of intersection between 
1L  and 2L : 

 
   

      
      

1 1
2 2

1 5
2 2

1
1 1 2
3

   (ans) 

 
 
15.  
(a)   

  
1
2OB OA OX  

 
     

               
           

   2 1 5
2 2 0 4 4

2 3 7
OX OB OA    (ans) 

(b) 
     

             
           

 2 1 3
0 4 4

2 3 5
AB  

 Length of projection of 

OX  onto the line AB 

  

   
        
          

 



5 3
4 4
7 5 66

9 16 25 5 2
ABOX
AB

 

    


25 16 49 90OX  

 Perpendicular distance of O from the line AB 

  
 

    
 

2
33 2 6 290

5 5
   (ans) 

 
(c) Vector equation of the line AB: 

 
   
        
      

r
1 3

4 4
3 5

,   

Let N be the foot of the perpendicular from C to the 
line AB. 

 Since N lies on AB,  

 




  
   
  

 1 3
4 4
3 5

ON  for some   

 
 
    
  

 3
4 0
5

CN  

 




     
          
        

1 3 6 3
4 4 1 4 0
3 5 9 5

 

 





   
         
        

3 5 3
5 4 4 0

6 5 5
 

        9 15 20 16 30 25 0  
   50 25  
    1

2  

 
    
        

     


3
2

1
2

5
2

1 5
4 2 12

113
ON    (ans) 

 
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3  16 
16.  
(a)   


i j k4 10 6OA  

   


i j k6 8 2OB  

   


i j k10 3OC  

        
  

i j k i j k(6 8 2 ) (4 10 6 )AB OB OA  
   i j k2 2 8  
 Equation of line L: 
      r i j k i j k(4 10 6 ) (2 2 8 ) ,      

(ans) 
 
(b)         


i j k i j k i k( 10 3 ) (4 10 6 ) 3 3AC  

 Length of projection of AC on L 
   

 
AC AB  

        
 

 
i k i j k( 3 3 ) (2 2 8 ) 6 24

4 4 64 72
 

   
18 3 2

26 2
   (ans) 

 
(c)  

 

    
 

i j k 1(2 2 8 )
72

AN AN  

   
   

 
i j k3 2 1 (2 2 8 )

2 6 2
 

    i j k1
2 ( 4 )   

 
 

' 2CC CN  
      

     
' 2 2OC ON OC AN OA OC  

         i j k i j k1 1
2 22 2 4 10 6  

       i j k10 3  
    i j k8 9 5    (ans) 

 

17.  
(a) Since 1L  and 2L  intersect, 
   1 (1) 1  
   2  

 Position vector: 
 
 
 
  

5
5

1
   (ans) 

 

(b) 
 
   
 
 

2 2

3
: 2

0
L m  

 Let   be the acute angle between 1L  and 2L . 

 

   
       
   
    

3 3
2 2

1 0
cos 0.96362411

14 13
 

   15.5    (ans) 
 

 

18. 
 
   
 
 

 2
0
3

OA   

 
 
   
 
 

 4
2
1

OB   

 
   
       
      

r
2 0

: 1 1
4 1

l ,   

 
          
                   
               

   4 2 2 1
2 0 2 2 1
1 3 2 1

AB OB OA  

 Let   be the angle between 

AB  and l . 

 

   
      
         

1 0
1 1

1 1 2 6cos
33 2 3 2

 

 Length of projection of 

AB  on l  

     


2 2 2 2
3cos 2 2 2AB  

   2 2    (ans) 
 

A 

C 

C’ 

N 

L 



  

3    vectors 
  

3  17
19.  

(a) Let P be on 1l  such that 
 
   
 
 

 1
1 0
3

AP . 

 
 

 
 

     
                  
          

   1 1
2 2 4

3 2 3 2
AP OP OA  

 




   
        
      

1 1
4 1 0

3 2 3
 

        ( 1) ( 4) 3(3 2) 0  
        1 4 9 6 0  
  11 11  
   1  

 
   
          
   
   

 1 1
2 1 1

3 3
OP    (ans) 

 

(b) 





 
    
 
 

r1 : 2
3

l  

 




 
   
  

r2

1 2
: 2 2

2
l  

 If 1l  and 2l  intersect, 

 
 

 
 

   
         
      

1 2
2 2 2

3 2
 

   1 2  – Equation 1 
     2 2 2  – Equation 2 
   3 2  – Equation 3 

 Substituting Equation 1 into Equation 2, 
      2 (1 2 ) 2 2  
  4 3  
   3

4  

   5
2  

 Substituting Equation 1 into Equation 3, 
    3(1 2 ) 2  
    3 6 2  
   5 1  
    1

5  
Since there is no unique   and  , the two lines 1l  
and 2l  do not intersect.   (ans) 

 

20. 
   

       
   
   

r
5 2

: 6 3
4 1

l s , s  

Let the foot of the perpendicular from C to the 
above line be P. 

 
 
   
 
 

 2
3 0
1

CP  

  
 
    
 
 

  2
3 0
1

OP OC  

 
        
               
            

5 2 2 2
6 3 3 3 0
4 4 1

s
s

s
 

   3
14s  

 
 
 

  
 
 


38
7

75
14
53
14

OP  

 
   
         

     

 
33
7

75
14
53
14

5
6
4

AP OP OA  

  
 
 

   
  

6
14

9
14
3

14

3 14 units
14

 

  
 Alternatively, 
 Length of projection, AP 

 
 
 
 
  
 



2
3
1 3 units

4 9 1 14
AC    (ans) 

 
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21.  
(a)    

   
0OA AB OA AB  

 
   

        
      

1 2 1
2 3 2 0
3 3p

 

    1 2 3( 3) 0p  
  2p  (shown)   (ans) 
 

(b) 
 
    
  

  1
1

1
OC AB    (ans) 

 

(c) 
     

             
           

 1 2 1
1 3 2

1 2 3
BC  

 Alternatively, 

 
 
    
 
 

  1
2
3

BC AO   

 Vector equation of line BC: 

 
   
       
   
   

r
2 1
3 2
2 3

,     (ans) 

 

(d)  
 

1 1: , 1
3 2

x yl z  

 
   
       
   
   

r
1 3
1 2
1 0

,   

 Equating BC  and l , 

 
 
 


    
        
      

3 1 3
3 2 1 2
2 3 1

 

   1 3  – Equation 1 
   2 2 2  – Equation 2 
  1 3 0  – Equation 3 
 Solving Equation 1 and Equation 2, 
   0  
   1  
 However, Equation 3 gives    1

3  
 Hence, the two lines do not intersect. 

Furthermore, they are not parallel since  i j k2 3  
is not parallel to i j3 2 . Hence, the two lines are 
skew.   (ans) 

 

22.  

(a) 
 
   
 
 

 8
3
2

OA  

 
 
   
 
 

 2
3
4

OB  

 
      
              
     
     

   2 8 10
3 3 0
4 2 2

AB OB OA  

   100 4 2 26AB  (shown)   (ans) 
 
(b) Vector equation of AB: 

 
   

       
   
   

r
8 10
3 0
2 2

 

 Let 
 
   
 
 

r
x
y
z

. 

 Hence, 
     

           
     
     

8 10
3 0
2 2

x
y
z

 

  8 10x  

  


8
10

x  

  3y  
  2 2z  

  


2
2

z  

 Cartesian Equation of AB: 

  
 

8 2 , 3
10 2

x z y    (ans) 

 
(c) Point B passes through l . 

 Length of projection 

  

   
      
           

   
 
 
 
 

2 2 2

10 2
0 6
2 5 20 0 10 10

2 652 6 5
6
5

    

(ans) 
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(d)    
   
       
   
   

10 2
0 6 104 65 cos
2 5

 

    


20 0 10cos
104 65

 

   96.98  
 Acute angle between AB and l  
      180 96.98 83    (ans) 
 
(e)  

 
  

   
       
   
   

 2 2
3 6
4 5

ON t  for some value of t  

  
     
  

   10 2
6
2 5

t
AN ON OA t

t
 

    
       
      

10 2 2
6 6 0
2 5 5

t
t

t
 

     20 4 36 10 25 0t t t  
65 10t        10 2

65 13t  

      
            
     
     


2 1

13 13

2 2 22
3 6 51
4 5 62

ON  

 
By Ratio Theorem, 



  '

2
OA OAON  

     
             

         

  
14844

13 13
102 63
13 13

124 98
13 13

8
' 2 3

2
OA ON OA    (ans) 

 

23.  

(a) 
   

       
   
   

 3 1
4 2
1 0

OP s  for some s  

 Since OP  is perpendicular to l , 

 
 
   
 
 

 1
2 0
0

OP  

 
    

        
   
   

3 1
4 2 2 0
1 0

s
s  

     3 8 4 0s s  
  1s  

 
     
             
     
     

 3 1 4
4 2 2
1 0 1

OP    (ans) 

 

(b) Let 
       

                
       
       

3 1 6 1
4 2 3
1 0 0

s a t
a

 

   3 6s t  – Equation 1  
   4 2 3s a t  – Equation 2 
 1 at  – Equation 3 
 From Equation 1, 
   3s t  – Equation 4 
 Substituting Equation 4 into Equation 2, 
     4 2( 3 ) 3t a t  
   5 2t a  – Equation 5 
 Substituting Equation 5 into Equation 3, 
   5 ( 2 )a a  
   2 2 5 0a a   
   2( 1) 4 0a  

Since there are no real solutions for the equation 
  2( 1) 4 0a , there does not exist real values of 

a  such that the two lines l  and m  intersect. 
Hence, the two lines do not have a common point.   
(ans) 

A N 

O 

A’ 
1 1 

B 

A 

N 
l 

 
 
 
 
 

2
6
5
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(c) 

   
      
   
    

 2

1 0
3 0

1
cos60

10 (1)

a

a
 

 


1
2 210

a

a
 

  2 24 10a a  
   10

3a    (ans) 
 

 

24. 
 
   
  

 1
1

2
AB  

 
 

   
 
 

 5
1

a
CD

b
 

 Since AB and CD are perpendicular,  
 

 
0AB CD  

    5 1 2 0a b  
 2 4a b  – Equation 1 

Since the lines AB and CD intersect, 

 
        

                 
              

2 1 5 5
3 1 2 1
2 2 0

a

b
 

  
 
 

     
        
      

2 5 5
3 2
2 2

a

b
 

     2 5 5a  – Equation 2 
    1  – Equation 3 
   2 2b  – Equation 4 

 From Equations 1 and 3, 
  4 2a b  
    1   
 Substituting into Equations 2 and 4, 
      2 5 5a  
           2 5 ( 1 )(4 2 ) 5( 1 )b  
           2 5 4 2 4 2 5 5b b  
     4 2 2 2b b  

 


 



2

1
b  – Equation 5 

  

  2 2b  
     ( 1 ) 2 2b  

 


 



2 2
1

b  – Equation 6 

 Equating Equations 5 and 6, 

  
 

   


 
2 2 2

1 1
 

      2 2 2  
   0  
  2b  
    4 2( 2) 8a  (shown) 

 Point of intersection between AB and CD: 
 
 
 
 
 

2
3
2

 

 This point is coincidentally 

OA . 

 Length of projection, 

AB  

     2 2 21 1 2 6    (ans) 
 

 
25. Vector equation of line 1l : 
      r i j k i j k2 4 ( 3 )s  or 
      r i j k i j k2 7 ( 3 )s  
 Vector equation of 2l : 

 
   
       
   
   

r
2

2
2 0

a
b ,    

 When the two lines intersect, 

 



     

         
      

2 2
1 2

4 3 2

s a
s b
s

 

    2 2s a  – Equation 1 
    1 2s b  – Equation 2 
  4 3 2s  – Equation 3 
 or 
 When the two lines intersect, 

 



     

         
      

1 2
2 2

7 3 2

s a
s b
s

 

    1 2s a  – Equation 1 
    2 2s b  – Equation 2 
  7 3 2s  – Equation 3 

 From Equation 3, 
  2

3s  or  5
3s  

 Point of intersection: 
        i j k i j k i j k82 1

3 3 32 4 ( 3 ) 2  
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Substituting  2

3s  into Equations 1 and 2, 

   14
3a  

    7
3b  

 Thus,  2a b  

 Direction vector of 2l : 
 
 
 
 
 

2
1
0

 

 
        
               
               

2 1 2 1
1 1 1 1 cos
0 3 0 3

 

 



1

cos
55

 

   82.3    (ans) 
 

 

26. 
 
     
 
 

   0
1

2
AB OB OA b  

 Since 1l  and 2l  intersect at right angles,  

 
 
   
  

 2
3 0

6
AB  

 
   
           
      

0 2
1 3 3( 1) 12 0

2 6
b b  

  5b  

 
   
        
      

r1

1 2
: 2 3

5 6
l t , t  

 
   
       
      

r2

0
: 1 4

1 2

a
l ,   

 Since 1l  and 2l  intersect, 

 


   
         
        

1 2
2 3 1 4

5 6 1 2

t a
t

t
 

  1 2t a  – Equation 1 
    2 3 1 4t  – Equation 2 
    5 6 1 2t  – Equation 3 

 Solving, 
 1t  
  3a  

P lies on 1l , 

 
 

    
  

 1 2
2 3

5 6

t
OP t

t
  

 
  
      
  

   2 2
7 3

4 6

t
BP OP OB t

t
 

        
 2 2 2 2( 2 2 ) ( 7 3 ) (4 6 )BP t t t  

   269 49 98 69t t  
  49 ( 2) 0t t  
  0t  or  2t  

 
 
   
 
 

 1
2

5
OP  or 

 
   
  

 5
4

7
OP    (ans) 

 
 
27.  

(a) 
 
   
 
 

a
9

2
1

 

 
 
   
 
 

b
6
2
6

 

 
     

               
     
     


b a

6 9 3
2 2 4
6 1 5

AB  

 Line AB: 
   

        
   
   

r
9 3

2 4
1 5

,   

 





 
    
  

 9 3
2 4

1 5
OC  

 





    
         
      

9 3 3
2 4 4 0

1 5 5
 

         27 9 8 16 5 25 0  
  50 30  
   3

5  

 
   

   
      
      


9 36
5 5

12 2
5 5

9
2

1 3 4
OC    (ans) 
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3  22 
(b)  

 
  2AB a  
 Let   : 1 :AT TP , and   : 1 :BT TQ  

  
 
       
 

  2
(1 ) (1 ) 2

3

a
AT AP a  

     
 

(1 )AQ AB  

   
   

     
   

2
(1 )

2 2
a a

a
 

      2 (1 ) (1 ) 2a a a   
    2(1 ) 1  

    2 2 1  
   1 2  – Equation 1 

    2
3 (1 ) (1 )(2 )a a  

    1 3 3  
   3 2  – Equation 2 

 Solving Equations 1 and 2, 
    1

31 2 (2 )  
    3 6 2   
  7 1  
   1

7  

  6 1
7 7: : 6 : 1AT TP    (ans) 

 
 
28.  

(a) 

   
       
        

0 1
2 2
1 1 3cos

5 6 30
 

 Acute angle required 
     180 123.2 56.8    (ans) 
 
(b) When   1 ,  

 
     
               
          

r
1 0 1

2 2 4
3 1 2

 

 Therefore, 1l  passes through the point P. 
 Let M be any point on 2l . 
  





 
   
  

 1
2

4
OM   

 
 
 
 

     
               
           

 1 1
2 4 4 2

4 2 2
PM  

       


2 2 2(4 2 ) (2 )PM  

     26 12 20  (shown) 

 Since       2 26 12 20 6( 1) 14 , 

 Shortest distance  14  when  1  
  
 Alternatively, by using differentiation, 

  
 


  

 
2

2

12 126 12 20
2 6 12 20

d
dx

 

 For the shortest distance, 

    26 12 20 0d
dx

 and  

   
2

2
2 6 12 20 0d

dx
, therefore the shortest 

distance occurs when 

 




 2

12 12 0
2 6 12 20

, that 

is, when  1 . Hence, the shortest distance is 

  26(1) 12(1) 20 14    (ans) 
 

 
29.  

(a) 
   
        
      

r1

8 2
: 5 2

1 1
l ,   

 z-axis: 
 
   
 
 

r
0
0
1

 

 

   
       
   
     1

3

2 0
2 0

1 1
cos

9 1
 

   70.5    (ans) 

P 

Q 

B 

C D 

A 

1 1 

1 

2 
T 



  

3    vectors 
  

3  23
(b) Let N be the foot of the perpendicular of the origin 

from l . Since N lies on l ,  

 





  
   
   

 8 2
5 2

1
ON  for some   

 





    
         
       

8 2 2
5 2 2 0

1 1
 

         16 4 10 4 1 0  
  9 27  
   3  

 
 
   
 
 

 2
1
2

ON    (ans) 

 

(c) Let 
 

 
 

    
        
       

8 2 6
5 2 4

1
. 

    8 2 6  – Equation 1 
    5 2 4  – Equation 2 
    1  – Equation 3 
 Equation 1   Equation 2: 
  3 2  
    3

2  

    1
2  

 Substituting into Equation 3, 
       3

21  

 Point of intersection: 
 
   
  



3
2

9
6OP  

 

 
 
    
 
 

  4
2 2

4
OQ ON  

 
     
           

          



3 11
22

9 4 5
6 2 8

4
QP  

  

Equation of mirror line: 

 
   
       

      

r
3
2

9 10
6 16

11
,      (ans) 

 
 
30.  

 
       


b a a b1 2 1 1

3 3 2 3OC  

       b c b a b1
3  

       b a b b1
3  

       b a b 21
3 cos45  

  
 

   
 

21
3

2(5)(6) 5
2

 

      
1
3 15 2 25  

     5
3 3 2 5    (ans) 

 
 
31.  

(a) 
   

       
       

r1

3 2
: 0 4

2 1
l ,   

 
   
       
   
   

r2

1 2
: 0 1

3 1
l ,   

 Suppose 1l  and 2l  intersect, 

 
 

 
 

    
      
         

3 2 1 2
4

2 3
 

    3 2 1 2  – Equation 1 
  4  – Equation 2 

     2 3  – Equation 3 

Solving Equations 1 and 2, 
  1

5  

  4
5  

C 

A 
45° 

M O 

B 

2 b 

0.5a 

1 

N 
l1 

Q 

O 

P 

l2 
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3  24 
Substituting into Equation 3, 

    1 11
5 52LHS  

    4 11
5 53RHS  

Since LHS RHS , 1l  and 2l  intersect. 
Coordinates of point of intersection: 
 13 4 11

5 5 5, ,C    (ans) 
 
(b) Let   be the acute angle between 1l  and 2l . 

 

   
      
      

     2 2 2 2 2 2

2 2
4 1

1 1
cos

( 2) 4 ( 1) 2 1 1
 

  
1

21 6
 

   84.9  (to the nearest 0.1 ) 

Let N be the foot of the perpendicular from A to 2l . 

 

 
    
             

         

  
13
5

4 1
5 5

11
5

3 2
0 4

2 1
CA OA OC  

     


2 2 21
5

212 ( 4) 1
5

CA  

  sin ANACN
AC

 

   
21 sin84.9 0.913
5

AN    (ans) 

 
(c) Let B be the reflection of A in the line 2l .  

 
 Since N lies on 2l , 

 Let 





 
   
   

 1 2

3
ON  for some  . 

 
 

 
 

       
              
              

   1 2 3 2 2
0

3 2 1
AN ON OA  

 Since 


2AN l , 

 
 
   
 
 

 2
1 0
1

AN  






    
       
       

2 2 2
1 0

1 1
 

       4 4 1 0  
  5

6  

 
 

  
  


8
3
5
6

13
6

ON  

By Ratio Theorem, 

  
  

1
2ON OA OB  

     
              

           

  
8
3
5 1
6 3

13
6

3 7
2 2 0 5

2 7
OB ON OA  

   


i j k1
3 7 5 7OB    (ans)     

 
 
32.  

(a) 
   
       
      

r1

1 1
: 3 2

4 1
l ,   

 




 
   
  

 1
3 2
4

ON  for some   

 




 
     
   

   2
2 2

6
AN ON OA   

 
 
   
  

 1
2 0

1
AN  

        2 4 4 6 0  
   2  

 
 
   
 
 

 1
1

6
ON    (ans) 

O 

B 

N 

A 

l2 

N 

A 

C 
84.9° 

l2 



  

3    vectors 
  

3  25

(b) 
 
   
 
 

 1
3
4

OB , 
 
   
 
 

 4
8

4
PB  

 
 
   
  

 2
2

6
AB  

    
  

 
 

8 16 24cos
96 44

PB ABPBA
PB AB

 

   0.73854  
  137.6PBA    (ans) 

 
(c)  

 
 Area of  APN  Area of  'AP N  
 2l  is parallel to 


AN . 

 
   
         
      

 0 0
2 2 1
4 2

AN  

 
   
       
   
   

r2

5 0
: 11 1

0 2
l ,     (ans) 

 
 
33.  

(a) 
   

8 4 3
2

x b y z  

  8 2x  
  4y b  
  3z  
 Equation of 2l :  


   
        
   
   

r
8 2
4 1
3 1

b ,   

Since 2l  passes through  6, 3,2B , 


     
             
     
     

6 8 2
3 4 1

2 3 1
b  

 2 3  
  1  
 

    3 4 ( 1)( 1)b  
 4 4b  
 1b  

 
Alternatively, 
Substituting  6x ,  3y  and  2z  into equation 
of 2l , 


    
6 8 4 ( 3) 2 3

2
b  

    1 4 3 1b  
 1b  

Equation of 2l : 


   
         
   
   

r
8 2

4 1
3 1

,     (ans) 

 

(b) Let 
     
             
     
     

4 9 1
2 2 0

1 6 1
 

 Unique answer: 
   5  
  4, 2,1A  lies on 1l . 

 Let 
     
              
     
     

4 8 2
2 4 1

1 3 1
 

 Unique answer: 
   2  
   4, 2,1A  lies on 2l . 

Since  4, 2,1A  lies on both 1l  and 2l , 1l  and 2l  

intersect at  4, 2,1A .   (ans) 
 

(c) Since C is on 1l , 




 
   
  

 9
2

6
OC . 

 
 

 

      
                
           

   9 6 3
2 3 1

6 2 4
BC OC OB  

 

BC  is parallel to 2l . 

 




  
     
    

3 2
1 1 0
4 1

 

      6 2 1 4 0  
   3  

 
 
   
 
 

 6
2

3
OC    (ans) 

N 

A l2 

P 

P’ 

l1 
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3  26 
(d) Let   be the angle between 1l  and 2l . 

 

 

   
       
   
     

1 2
0 1
1 1 3 3cos

22 6 12
 

  
6

 

 Least value of  7n    (ans) 
 

 

34. 
   
       
   
   

r1

2 1
: 2 0l

p q
 

 
 
    
 
 

r1

2
: 2 2

p
 

 Since 1l  lies on 1 , 

 
   
       
   
   

2 1
2 1 2

1p
 

  2p  (shown) 

Also, since 
 
   
 
 

1

1
1
1

l , 

   
       
   
   

1 1
0 1 0

1q
 

 1q  


   
       
       

r1

2 1
: 2 0

2 1
l  

When   3 , 
 
   
 
 


r

1
2
1

OA  (verified)  

Normal of 2 : 
       

                  
                

2

2 1 2 1
2 0 0 2 0

2 1 2 1
n  

Thus, 2 : 
 
   
 
 

r
1
0 0
1

 

And, 3 : 
     
             
     
     

r
1 2 1
5 1 5 10
1 3 1

 

      
              
     
     

   1 1 0
3 2 1
2 1 1

AB OB OA  

Length of projection of 

AB  on 3  

 
   
         
   
   


3

3

0 1
11 5
271 1

n
AB

n
 

 
 
    
  

18 2
27 3

4
1 1
27 1

 

   2x y z ,   0x z  and   5 10x y z  intersect 
at 1l . 
 
Alternatively, 
For 3 ,  

   
       
      

2 1
2 5 10

2 1
 

 
 
 
  

2
2

2
 lies on 3 . 

When   1 , 
   
       
      

3 1
2 5 10

3 1
 

 
 
 
  

3
2

3
 also lies on 3 . 

Since 
 
 
 
  

2
2

2
 and 

 
 
 
  

3
2

3
 lies both on 1l  and 3 , 1 , 

2  and 3  all intersect on the line 1l .    

l1 l2 

l3 

l4 

l5 

l6 l7 


6


6
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3  27

Solving 
    
        
    
    

1 1 1 2
1 0 1 0
1 5 1 10

x
y
z

, 

 2y ,   0x z  
Let   z ,  x  

Thus, 
   

       
   
   

r
0 1
2 0
0 1

 which is line 1l . 

1 , 2  and 3  all intersect on the line 1l .   (ans)    
 

 
35.  
(a) Substitute the equation of line into that of plane: 

  
      
              
            

1 0 1
1 1 0 3
0 1 2

 and get   3 2 . 

 Substitute   3 2  into 

2 :   
       

                   
       
       

r
1 0 3 2

(3 2 ) 1 1 3 1
0 1 0 1

  

 
Alternatively, 
Substituting   1

2 (3 )  into 2 , 


   
       
      

r 3
2

0 2
1 1
1 1

    

Shortest distance 

 
     
             
           

 2 0 2
1 11 2 1
6 61 6 1

AB  

 
 
   
  

10
3

2
1 0
6 4

   (ans) 

(b) Let 
   
       
      

 3 2
1 1
0 1

OC  for some   . 

  
 

0BA BC  

 
      
                

            

0 0 2
2 2 1 0

0 0 1
 

 Solving, 

   2  and 
 
   
  

 7
3

2
OC  

 Since 
 
CD AB , 

 
   
       
      

 7 0
3 2

2 0
OD  

 
 
   
  

 7
5

2
OD    (ans) 

 
(c) Observe that O lies on 2 . The midpoint of OA 

which is  3 1
2 2, ,0  then lies on 3 . 

 Compute 
     
             
     
     

2

1 0 1
1 1 1
0 1 1

n . 

 
    
            

        

r

3
2
1
2

1 1
1 1

1 10
 

 
 
    
 
 

r
1

1 1
1

 (shown) 

Let F be the foot of the perpendicular from A to 3  
and pick a point  1,0,0E  on 3 . 

      
                                      

 
1
3

1 1 1
1 11 1 1
3 31 1 1

AF AE  

Thus, 
 
     
  

  
1
3

8
4

1
OF OA AF    (ans) 

 
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3  28 
36.  

(a) Direction vector of 1l : 
 
  
 
 

0
2

5
 

 Equation of 
   
         
   
   

r1

2 0
: 1 2

3 5
l ,     (ans) 

 

(b) 
 
   
  

 4
13

3
OB  

 


 
    
  

 2
1 2

3 5
ON  

 


 
      
  

   2
14 2

6 5
BN ON OB  

 
 
    
 
 

 0
2 0

5
BN  

 


   
          
      

2 0
14 2 2 0

6 5 5
 

     28 4 30 25 0  
   29 58  
   2  

 
 
   
  

 2
10
4

BN  

 Equation of line BN: 

 
   
       
      

r
4 1
13 5

3 2
   (ans) 

 

37.  

(a) 
 
     
 
 

r1

5
: 4 15

3
 

 Distance of A from 1  

  

   
       
       

6 5
2 4

6 3 15
50 50

 

    
4 15 11
50 50 50

 

 
15 4
50 50

 

 A and O are on the same side of 1    (ans) 
 

(b) Vector parallel to 
     

             
            

2

5 6 1
2 2 0

8 6 2
 

 Normal vector of 2  

  
       
                   
                 

1 1 4 2
0 2 12 2 6

2 10 2 1
 

 Angle between 1  and 2  

   

   
        
       1 1

5 2
4 6

3 1 31cos cos
50 41 (50)(41)

 

   46.8    (ans) 
 
(c) Equation of 2 : 

 
     
              
            

r
2 6 2

6 2 6
1 6 1

 

 
 
    
  

r
2

6 6
1

 

   5 4 3 15x y z  – Equation 1 
   2 6 6x y z  – Equation 2 
   8x y az b  – Equation 3 
  



  

3    vectors 
  

3  29
For line of intersection of 1  and 2 : 

 
 

    

5 4 3 15
2 6 1 6

A  

 After RREF,  

 
 

  
 

1
2

1 0 1 3
0 1 0

A  

   3x z  
  3x z  
  1

2 0y z  

   1
2y z  

 
       

                
            

1
2

3 3 2
0 1
0 2

zx
y z
z z

 

 
   

        
   
   

r
3 2
0 1
0 2

 

 Let   0,1 . 

 Two points on common line: 
  3,0,0  and  1, 1,2  
 Substituting into   8x y az b , 
   3 8(0) 0a b  
  3b  
   1 8 2a b  
  2 7a b  
 2 10a  
  5a  
 
 Alternatively, 
 Since the common line lies in 3 , 

 
       
              
            

3 2 1
0 1 8
0 2

b
a

 for all  . 

      3 2 8 2 a b  
   3 (10 2 )a b  
  3b  and  5a    (ans) 


38.  

(a) Given: 
 
   
  

 1
0

2
OA , 

 
   
  

 3
1

1
OB , 

 
   
  

 0
5
7

OC , 

 
 
   
 
 

 2
1
1

AB  

 
 
   
  

 1
5
5

AC  

 Normal to 1 : 

 
       

                  
                

1

2 1 0 0
1 5 9 9 1
1 5 9 1

n  

 Vector equation of 1 : 

 
     
            
            

r
0 1 0
1 0 1

1 2 1
 

 
 
   
  

r
0
1 2

1
   (ans) 

 
(b) Equation of line 1l : 

 
   
       
      

r
1 2
0 1

2 1
 

 





 
   
   

 1 2

2
OR  

 





 
   
  

 1 2
5

5
CR  

 
 
CR AB  

 





   
        
      

1 2 2
5 1 0

5 1
 

   6 12 0  
   2  

 Hence, 
 
   
  

 3
2
4

OR    (ans) 
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(c) Normal to 2 : 

 
 
    
 
 


2

2
1
1

n AB  

 Vector equation of 2 : 

 
     
             
          

2 0 2
1 5 1
1 7 1

r  

 
 
    
 
 

2
1 12
1

r    (ans) 

 
(d) 

 
3 2CR CQ  

 
 

3
2CQ CR  

 
        
                
             


3 9
2 2

3 0 1
2 5 1
4 7 1

CQ  

 
        
                    
                

 3 3 6 2
2 1 3 3 1
4 1 3 1

BR  

  9
2 3CQ  

  3 6BR  
 Area of   1

2BCQ CQ BR  

     9 811
2 2 43 3 6 2  

 
 Alternatively, 

 
 
   
 
 

 1
3 2

2
CB  

 Area 
   

         
   
   

 
91 1

2 2 2

1 1
3 2 1

2 1
CB CQ  

   
   
         
   
   

1 27 27
2 2 4

0 0
3 3

3 3
 

    8127
4 418 2    (ans) 

 

39.  
(a)  

 

 
 
     
 
 

r1

1
: 2 4

1
 

 
   
        
      

r
7 1

: 18 2
1 1

BNl ,   

 




  
   
   

 7
18 2

1
ON  for some   

 Thus, 




    
         
       

7 1
18 2 2 4

1 1
 

         7 2(18 2 ) 1 4  
   8  

 
    
        
       

 7 8 1
18 2(8) 2

1 8 7
ON  (shown) 

 Perpendicular distance 
    

  
BN ON OB  

  
     

             
          

1 7 1
2 18 8 2
7 1 1

 

     8 1 4 1 8 6    (ans) 

π1 

n1 

B’ 

B(–7,18, –1) 

A(2,0,2) 

π2 

N 

l 



  

3    vectors 
  

3  31

(b) 
   
          
   
   

2 1
0 2 2 2 4
2 1

 

 Therefore, point A lies in 1 . (verified) 

  
  

' 2AB AB BN  

  
       
                   
              

7 2 8 7
18 0 2 16 14

1 2 8 13
 

 
 
  
 
 

7
14

13
 is parallel to 

 
 
 
  

7
14

13
 (shown)   (ans) 

 

(c) 
        
                   
               

 7 2 9 3
18 0 18 3 6

1 2 3 1
AB  

 Two vectors parallel to 2 : 

 
 
  
 
 

3
6

1
 and 

 
  
 
 

1
2

1
 

 
       

                    
       
       

3 1 4 2
6 2 2 2 1

1 1 0 0
 

 Vector perpendicular to 2 : 

 
 
   
 
 

2

2
1
0

n  

 Also, point A lies in 2 . 

 Therefore, 
     
             
     
     

r
2 2 2
1 0 1 4
0 2 0

 

 Equation of 2 : 
 
   
 
 

r
2
1 4
0

   (ans) 

 
(d)  

 
  

Distance A from 3  

    
  
AN ON OA  

  
     

            
     
     

1 2 1
2 0 2
7 2 5

 

     1 4 25 30    (ans) 
 
(e) Acute angle between 1l  and 3  

      1 1 30tan tan
8 6

ANABN
BN

 

   15.6  ( to 1 decimal place)   (ans) 
 

 
40.  

(a) 
   
       
   
   

r1

1
: 3 1

7 0

p
l ,   

 Given:  1q  and  4p , 
 Since C lies on 1l ,  

 
   
       
   
   

 4 1
3 1
7 0

OC  

 
   
         
   
   

   4 1
0 1
4 0

AC OC OA  

 


2 :AC l  

 



   

       
   
   

4 1
0 0

4 2
 

   12  
    


i j k8 9 7OC    (ans) 

 
(b)  


i k2AB q  

 Given: 
 Acute angle between 1l  and  2 60l  

 

   
      
   
    

2

1
1 0
0 2

cos60
2 4

q

q
 

  22 4 2q q  
  2q    (ans) 

 

B 

N A 

l 

π1 

π2 

π3 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


