Vectors

Content
3.1 Vectors in two and three dimensions
Include:
e Addition and subtraction of vectors, multiplication of a vector by a scalar, and their geometrical
interpretations
X
X —_—
e Use of notations such as Ay |, xi+yj, xi+yj+zk, AB, a
y
z
e Position vectors and displacement vectors
e Magnitude of a vector
e Unit vectors
e Distance between two points
o Angle between a vector and the x-, y- or z- axis
e Use of ration theorem in geometrical applications
3.2 The scalar and vector products of vectors
Include:
e Concepts of scalar product and vector product of vectors
e Calculation of the magnitude of a vector and the angle between two directions
e (Calculation of the area of triangle or parallelogram
e Geometrical meanings of |a.b| and |a X b| , where b is a unit vector
Exclude triple products a.bxc and axbxc
3.3 Three-dimensional geometry

Include:

Vector and Cartesian equations of lines and planes

Finding the distance from a point to a line or to a plane

Finding the angle between two lines, between a line and a plane, or between two planes
Relationships between

(i) two lines (coplanar or skew)

(i) aline and a plane

(iii) two planes

(iv) three planes

Finding the intersections of lines and planes

Exclude:

Finding the shortest distance between two skew lines

Finding an equation for the common perpendicular to two skew lines
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Vectors in two &

three dimensions

Solutions
1.
2) (1) (1
(a) AB=|1|-|1|=|0
0) (1) -1
0) (1) (-1
AC=|1|-|1]=|0
4) \1) |3
0) (1 0) (-1
1|¢|0 |=0and|1|e|0
-1 0) (3
3
(b) Mid-pointof AB =| 1
1
2

Vector equation of line:

=0 (ans)

P=

= N Nw

If ABCD is a rhombus, D is the point of reflection of

point C in the line AB.

2 0
r={1(+A/1], AeR (ans)
i 0
-1
2. AB=|1
0
2 -1
Line I:r={0|[+A|1 [,AeNR
1 0
-1
CPe|1 |=0
0
2-1 3 -1-2
cP=| 2 {2 =| 242
1 0 1
-1-1) (-1
—2+A (el 1 J—O
1 0
1+1-2+4=0

CP—PD
~1-1
-2+3 —0D-0P
1
OD=|-2|+|1|=|-1| (ans)
1 1 2
3.
(a) OA=|2
-3
5
OB=| -3
0
4
AB=| -5
3
1 4
L:r={2 |[+4]-5|, AeR (ans)
-3 3
4 1
(b) L:r=|-4|+ul-2|, ueR
3 2

Substituting OA into /,,

1 4+ u
2 |=|-4-2u
-3 3+2u

1=4+ u —Equation1

2=-4-2u —Equation 2

—-3=3+4+2u - Equation 3

From Equation 1,

H=-3

Since u=-3 consistently, A lieson |,

. (ans)
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(c) Let @ be the acute angle between /, and /,.

4 1
—5|e| -2
3 2 2
@ =cos™ =cos™ 0
(50)(9) 152

=c0s0.943=19.5° (to the neaest 0.1°)
(ans)

(d) Length of projection of ACon I,

=AN (where N is the foot of the
perpendicular from Cto /)

4 1) (4
ACe| -5 -2 |e| -5
3 2 (3
(s ~ (a
-5 -5
3 3
20
_;EE_ZJE
‘Zﬂ:3

Shortest distance

=CN=,[3’ —(Zx/i)z =1 (ans)

(

c)

Let M be any pointon /,.

=617 +12u+20
=\6(u+1) +14

Shortest distance =~/14 when u=-1. (ans)
=

4,
(a) When 41=1,
1 0 1
r=|-2(+/2|=|0
3 1 4

I, passes through point A. (ans)

(b) Letthe acute angle be 4.

0 -1
2 (e 2
0 1 -1 3
cosf = =
V56 | 30
0 =56.8° (ans)

(

(b)

—_

a)

<)

Using Ratio Theorem,
OC = 20B+30A
2+3
3
=2 1|+
1

lw

O N -
Il
e

N b O

3 1 2
Direction vector, AB=|-1|-|2|=|-3
1 0 1

Vector equation of /:
1 2

r=|2|+A| -3
0 1

(ans)

1 2 1424
OF=|2|+4| -3 |=[2-32

0 1 2

1+24 1 22
3-31
—-5+1

F={2-31|-|-1|=
A 5

Since PF is perpendicular to the line /,
2
PFe| -3 (=0
1
24 2
3-31 |¢| -3 |=0
-5+1) (1

44-94+94-5+1=0
A=1
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1+2 3
OF=|2-3|=|-1| (ans)
1 1
2 2
(d) PF=|3-3 |=|0
5+1) (-4
Perpendicular distance from the point P to the
line /
:‘P—F‘:JZZ +(-4) =20 =24/5 units
(ans)

(e) 0Q=OP+2PF
1 2 5
=|-1]|+2[3-3 |=| -1
5 -5+1 -3

(ans)

(a) By Ratio Theorem,

—— 0A+0B

o R K

Therefore,

Vector equation of line /:
1

r=A4/11|, 1R (ans)
0

(b) Since N lieson /,

1
ON=q|1 | fora particular value of x
0
1 0 a
ON=a|1|-|1|=|a-1
0 2 -2
Since AN is perpendicular to /,
1
ANe|1|=0
0
a+a-1=0
1
2
1
2
Hence, ON=| 2 | (ans)
0

(c)

(d)

Since AOCM is a parallelogram,
0C =AM

1) (0) (1
=l1]-|1|=|0
0) (2) |2
1 0) (1
A—CO—[l—l
-2/ |2

AN =

Nk N|e

0
~|1]=4 -1 |=2AC
2

o

Since AN is parallel to AC and A is a common point,
A, N and C are collinear. (ans)

Since AC is perpendicular to OM, AOCM is a
rhombus.

Hence, g:1 (ans)
™M

7.
(a)

Vector equation of aircraft flight plan:
2 3

r={-3|+ul -1
4 2

OA=| -3
4

OP = position vector of aircraft nearest to
soldier
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3 3 -5 3 3 Solving from Equations 2 and 3,
Zé. _1 _1 _1 ® _1 _1 ﬂ/:l.' /Ll.z 1. . . .
o ) 2 2 2 2 SUL‘-)St.Itutlng into Equationl, Equation 3 is not
AP = = satisfied.
(\/9 +1+ 4) 14 Hence, the beam will not shine on the aircraft.
(ans)
3
2 () GP=-%-3
2 3 -1 6
OP=0A+AP=|-3|-3| -1|=7| -16 0 = angle between the original searchlight
4 2 18 direction and GP
Shortest distance :‘F"é‘ -2 5
5|3
b . B 1 - s . 0 2 ) \6 0.834
= —4 —_= —16 == —12 == —3 COSsU = =Vu.
7 7 7 V4+25+9425+9+36
6 18 24 6 0=146.5° or 33.5° (ans)
=425+9+36=4.78 e
Alternatively, 8. A unit vector in the direction of AB
2+3p 9) (-1
_ 10 2
4+2p A \2) (2 ) 1 _11
3 a8 iot+s sVB| | V5|
GPe| -1 |=0
5 Let N be the foot of the perpendicular from O to
line /.
>+3p 3 Length of projection of OAon /
1-p |e|-1|=0 1\ (2
-2+2p) (2 ol 1
15+9p—1+p—4+4p=0
TP TATAP 2 ) 1 |-2-2+2|
2 N2+ (-1 +1°
2+3(5)) (1 -1
oP=| -3—(-3) [=%| -16 1
4+2(—§) 18 2 6
=— or —
Shortest distance 6 3
2 2 2
:\/[5+3(_%)J +[1_(_%)] +[_2+2(—%)] Length of perpendicular from O to /
=4.78 (ans) =+OA* - AN’
2
(b) Equating, = ( [(~1)? +2? +22)2_(£J
—1-21Y (2+3u 3
1-514 |=|-3- 5
# =— (ans)
3+31 ) (4+24 3
2A+3u=-3 —Equation 1 *
51— u=4 —Equation 2
31-2u=1 - Equation 3
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9. DCE=90°
CDeCE=0
(d—c)e(kd—c)=0
k|d[* —(k+1)(c od)+|c[ =0
Given that |c|=3, |d|=1 and COD=60°,
k(1)—(k+1)(3)(1)cos60°+9=0
k=15 (ans)
=%
10.
0
(@) a=
-4
6
b=|-5
-1
c=|7
-9
6 0 6 2
AB=|-5|-|1 |=|-6|=3]-2
-1) (-4) (3 1

(b)

(c)

Line AB is parallel to the vector 2i—2j+k (shown)

(ans)

Vector equation of line AB, r
0 2

=1 |+4| -2
-4 1

, Le€R (ans)

Let P be the foot of perpendicular from C to line AB,

r

24
=|1-2A4 | for some A
4+ 1
4-22
PC=|7 |-|1-21 |=|6+24
-4+ 1 -5-1

o
aia

4-24 2
6+21 |o| -2 |=0
s-2) 1
-2
oP=|3 (ans)
-5
(d) Length of projection
|ocens
| Jas
4 2
7 |e| -2
o)) | s |
2 V22 + (2 +1]
-2
1
(ans)
1 -2
11. L :r=|2 [+A]1 |, AeR
5 -1
-2 1
L:r=|2 |+ul-2|, ueR
3 1
-2 1
Since |1 |#k| -2, L isnotparallelto L,.
-1 1
1 -2 -2 1
Consider |2 [+ 4|1 |=|2 |+u| -2
5 -1 3 1

1-24=-2+yu —Equation 1

2+A=2-2u —Equation 2
5—-A1=3+u —Equation 3

Solving Equations 2 and 3,

H=-2
A=4

Substituting into Equation 1,

LHS =—7

RHS =-4 # LHS

Advanced Mathematics - Drill Solutions

cosmic



Hence, no values of 4 and u satisfy Equations 1, 2
and 3.
L, and L, do not intersect.

L and L, are skew lines. (shown)

b B(-2.23)

A(4,1,6)

Note that L, || ;.
-6

AB=0B—-0A=|1
-3

‘A—B‘ = (=67 +12 +(=3) =46

1
— 1
Length of projection, AF =|ABe—| -2
J6
1
-6 1
1 11
= — 1 [ ] —2 = —
Ve ||, | 6
2
. . 11
Perpendicular distance = 46—(TJ
6
155
=,[— (ans
. (ans)
=5
12.
4 1 3
(a) AB=0B-0A=|3|-|2|=|1
5 3 2
10 4 6 3
BC=0C-0B=|5 |-|3|=|2|=2|1
9 5 4 2
AB=1BC
Since AB is parallel to BC and B is a common
point, A, B and C are collinear. (ans)
(b) Length of projection of OA on line OB
1 4
=—/17 NE =%
4% +3* 45 3] |5 5v2
2
:iunits (ans)
%’m =%

"y

13.

(a)

(b)
(i)

(ii)

sU=u-s
TU=u-t
SUeTU=Ueu—Uet—Seu+set
=|uf ~uet—(~t)eu+|s|e|t|cos180°
=|u|2—u-t+u-t+|u|o|u|(—1)
=0
Thus, SU and TU are perpendicular.

Alternatively,
SUeTU=(u—s)e(u—t)
=(u—s)e(u+s)

:|u|2 —|s|2 =0 (ans)

o Y R

[
>

OP=a+b
0Q=1i[(a+b)+a|=%(2a+b) (ans)

55=§((73+5§)
OR=20Q- 0B
OR=(2)}(2a+b)-b=2a
OR =20A

Since O, R and A are collinear, R is on OA produced.

Alternatively, BQ produced such that BQ=QR.
BR =2BQ
OR =20A (ans)
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(b)

The scalar & vector

products of vectors

OA =
10
0B=|12
2
10-c
AB=|9
2—d
10-c 1
Let [9 =A/3].
2—-d 0
34=9
A=3
10—c=3
2-d=0

c=7 and d=2 (ans)

Given: OP is perpendicular to AB.

OPeAB=0
10+4 ) (3
OPeAB=|12+31, |*|9
2 0
10+4 ) (3
12+3/, || 9 |=0
2 0
30+34, +108+274 =0
304, =-138
h=—%
(%
op=| -2
2

Shortest ‘ﬁ‘

-, /(2—;)2 +(2) +2* =6.0332 (ans)

(c)

10+ u
Let 0Q=|12+3u
2
Given: ZAOQ = /B0Q.

7 10+ p 10 10+ p
3 |e[124+3u 12 (o] 12+ 34
2) (2 2 2

J2 | s
70+7u+36+9u+4

=(£)(100+10u+144+36.+4)
16u4+110=23u+124
Tu=-14
H=-2
10+(-2) | (8
0Q=|12+3(-2) |=| 6
2 2

(ans)

(a)

(b)

2
Let OA=|3+24
-1+
OALl:
2 0
3+21 |e|2|=0
-1+4) (1
6+41+(-1+1)=0
514=-5
A=-1
A(2,1,-2) (ans)

2 0 —4 3
Let |3 |+A4|2|=|3 |+uy/ -1].
-1 1 —4 1
2=-4+3u —Equation 1
3+24=3-u - Equation 2
-1+ A=-4+ u - Equation 3
Solving Equations 2 and 3,
A=-1and u=2
Substituting A=-1 and g =2 into Equation 1,
LHS =2
RHS =—4+6=2
Hence, /| and m intersect. (ans)
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(c)

(0]

Let O’ be the point of reflection of O about the line
/.

2 4
00'=20A=2|1 |=|2 (ans)
-2) \-4
3.
(a) Line AB:
r=i+2j-k+A(i-j+5k), 1eR
Line /:

r=2i+4j—5k+pu(2i+j+k), peR

Let

1 1 2 2
2 [+4]-1|=|4 |+ul1
-1 5 -5 1

1+A=2+4+2u —Equation 1

2—-A1=4+ u —Equation 2

—-1+54=-5+ u —Equation 3

From Equations 1 and 2,

3=6+3u

u=-1

From Equation 1,

1+ A=2+2(-1)

A=-1

Substituting A =-1 and g =-1 into Equation 3,

LHS=-1-5=-6

RHS=-5-1=-6

Since LHS =RHS, line AB and / intersect and the

position vector of their point of intersection is:
1 1 0

opP=[2 |-
-1 5

(ans)

(b)

When y =4, thatis, when y—4=0,
X—=2

=0=z+5
x=2,z=-5
N(2,4,-5)
2 1 1
AN=|4 |-|2 |=|2
5) (-1) |4
Direction vector of /:
d=2i+j+k
1 2
AN-d=|2 |-|1]|=2+2-4=0
-4 )1

AN L/ (shown)

Note that point N is the foot of the perpendicular
from point A to line /.

Let A' be the reflection point of A about /.
PA"=PA+2AN =3(i+j-k)

Equation of image, by reflection, of the line AB in
line / is given by:

r=3i-6j+t(i+j-k), teR (ans)

(a)

Let N be the foot of the perpendicular from D to BC.
AN =DN =+/2cos45° =1
DN 243

BD =
sin60° 3

V3

AB=AN+NB=1+ 1 =1+

tan60° (ans)

(b) Area of AAOC

=1(DN)(AC)=2%(DN)(AN+NB+BC)

:%(1){1+§+¥} =%|:1+\/§:| (ans)
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3-10

5.
(a) AB=kBC
4—q -5
-1 =k| =5
) B
k=1, a=5, f=-10 (ans)
1 5 1
OAe|1| |-1le[1
b 0 2 2 2 8
(b) cos@= o NG —@
oA 1
2

0 =53.4° (to 1 decimal place)
Distance :‘a‘sine =4.40 units (to 3 sig. fig.)

(ans)
(c) oP=1pB
4 2
opP=10B=1 -2 =11
0 0
4 1) (4+2
0Q=|-2|+A|1|=| 2+, 1eR
{o 2) (24 J

24 24
2 3+4 2
P_Q’o -1 ;-f-ﬂ}. -1
\/gz 0 _ 24 0
2 NG
-1
0

5
2
4 1 3
0Q=| -2 -211|=1-9 (ans)
2

6.

(a) cosZCBD= cos[;r —(

+ﬂ
= —cos(§+ xj = {%cosx—?sinx}

3 __(1_x_2)=x2+2«/§x—2 (

Wy

N2 1
2 2 2 4

(b) a _ b _ c

. T (T (T

sin— sin| —+x sin| ——x
RO
Zasin(+xj

b=——-"+ 2~

3]

w N

2asin
C=

Sl &

20 (. & T .
=— smgcosx+cos§smx

NG

. T T .
+(SlngCOSX —COSESIHXJ]

=%(«/§cosx) ~ 20[1 —X?z]

b+cza(2—x2) (ans)

ans)

(a)

|la|=2,

b|=1

OX=4,0B=1

Z0OXP = /ZX0OB=60° (alternate angles)
Using cosine rule for the triangle OAP,
OP* =0B” + 0X* —2(0B)(0X)cos60°
2a-b[ =1+16-2(1)(4)(%)

|2a —b| =13 (shown)
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(b)
(i)

(ii)

Using cosine rule for the triangle QOB,
0Q’ = 0B’ +BQ” —2(0B)(BQ)cos120°

a+b[ =1+16-2(1)(4)(-2)
|2a + b| =21 (shown)
(2a—-b)e(2a+b)=[2a—b|[2a+b|cosd
ala ~|b[" = V1321 cos8

16-1

V13421

0=24.8°

cosf =

Alternatively,

|2a —b|2 =(2a-b)e(2a-b)
:4|a|2 —4a-b+|b|Z
=4(4)—-4(2)(1)cos60° +1=13

|2a —b| =413 (shown)

|2a+b|Z =(2a+b)e(2a+b)
=4la[" +4aeb+|b[
=4(4) +4(2)(1)cos60° + 1 =21

|2a+b| =+/21 (shown) (ans)

Vector equation of the line AB:
3 0

r=|1|+A{1]|, A€R (ans)
3 3

P is a point on the line AB.

3 0
OP=|1|+A|1|forsome 1eR
3 3
OP=13

V3 1+ A +(3+34)7 =13
9+1+21+ 1> +9+181> +94% =169
A +24-15=0
(A+5)(A-3)=0
A=-5o0r3
Hence,
3 0
0P =|1|+(-5)[1
3 3

3 0
Op, =|1|+(@3)|1
3 3
PP|=8J0+1+3* =810 (ans)
8.
5 2 3
(@) AB=|-2|-|3 |=|-5
3 -1) (4

Equation of line AB:
r=Qi+3j—k)+ A(3i—5j+4k) (ans)

(b) When line AB meets the xy-plane, z=0.
-1+44=0

(c)

(d)

A=

oD

1
4

=(2i+3j—Kk)++(3i—5j+4k)

_ i 73
=51+7)

Coordinates of D: (%,%,0) (ans)

C=

4 2 2
1 (-3 |=]-2
-2 -1 -1
Length of projection, k
2 3
-2 |e| -5
|aceng) [(-1) (4 ) |e+10-4
T 3] e
-5
4
:%:% 2 (ans)

Equation of line AC:
r=(2i+3j-k)+pu(2i-2j-k)

P lies on the line AC.

2+2u

oP= 3-2u

“1-u
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-
[

24+2u

@
DP=0P-0D=|3-2u |-| 1
—1-u 0
—242u
-1-pu
DP is perpendicular to the line AC.
2
DPe| -2 (=0
-1
2(-2+24)-2(3-2u)-(-1-p)=0
u=3
24+2u
OP=|3-2u |=23i+Zj—4k (ans)
~1-u
9.
(a) Cartesian equation:
x-1 y-3

,Z2=4 (ans
— (ans)

(b) Since A lies on the line /,

1-4
OA=| 3+ | for some fixed 1 eR
4
(0]
a /
-1
OAe[1 |=0
0
—(1-4)+(3+4)=0
24+2=0
A=-1
2
OA=|2 (ans)

(c)

(d)

Since B lies on the line /,
1-4
OB=|3+4 | for some fixed 1R
4
1-4 2 -1-2
AB=0B-OA=|3+1|-|2|=|1+4
4 4) (o
Given: ‘A—B‘zzﬁ,
(-1-AP +(1+A) =8

(1+A)Y =4
A’ +221-3=0
(A+3)(1-1)=0
A=-3or 1=1
4
OB=|4|or OB=|0 (ans)
4
a -1
1]e|1
z [\1) (o |-a+1 1
cos—= =—

4 @+ w2 2
|-a+1|=+a* +2

(~a+1¥ =d’ +2
a*-2a+1=a"+2
—2a=1

1

a=-3 (ans)

10.

(a)

(b)

2+1 -7
—6+5:—:3—:—1 (ans)
3 4

-1 2 -5 1

2 |+A]-1|=|-1|+u|l-3

2 1 7 4
-1+21=-5+pu —Equation 1
2—-A=-1-3u - Equation 2
2+ A=7+4u —Equation 3
Solving Equations 2 and 3,
A=-3, u=-2
Substituting into Equation 1,
LHS =-7=RHS
Hence, /, and /, intersect.
Coordinates of point of intersection:
(=7,5-1) (ans)
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2 1
~1|e|-3
4 9
(c) @=cos™ =cos*
J6/26 156
=43.9°
N h
Q
P I,
-7 -6 -1
PQ=|5 |-|2 =| 3 =41+9+16
-1) (3 -4
=A/26
PN =/265in43.9°=3.54 (ans)
%
11.
(a) Equation of line AD:
2 -3
r=[8 |+ -5|, AeR (ans)
7 2

(b)

Let E be the foot of the perpendicular from O to line
AD.

2-34
OFE=|8-51

7424
2-31) (-3
851 || -5|=0
7+24) (2
1=16

19

(c)

2-34 1
8-54 |=ul -3
7424 10

2-31=u —Equation 1

8—-51=-3u —Equation 2

7+2A4=10u - Equation 3

Solving Equations 1 and 2,

A=1

u=-1

This pair of solution does not satisfy Equation 3.
Hence, the two lines do not intersect and are skew
lines. (ans)

%

12.

(b)

Angle between planes ABC and BCD
= /ZAMD =60°

DM =~7-2* =3
AM =~4% - 2% =12

AD? = AM? + DM? —2(AM)(DM)cos60°
=12+3-2(+3)(V12)(3)

AD=x/§=3cm (ans)

Angle between BD and plane ABC
= /ZDBN

DN =+/35in60° =2

DN
Z/DBN =sin™" (—j =sin™ (ij =34.5°
DB 27

(to the nearest 0.1°) (ans)
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13.

(b)

5
OA=|-2
4
1
0B=|0
2
5 1
lir=|=2+4 3|, 1eR
4 2
-4
AB=0B-0A=|2
-2

Vector equation of line passing through A and B:

1 2
r=|0|+ul-1|, ueR (ans)
2 1

5 1

ON=|-2|+4| -3 forsome 1e%R.
4 2

Since line BN is perpendicular to line L,
1

BNe| -3 |=0
2

5+4 1 1

—2-31|—|0||e| -3 |=0
4+24 2 2

4+6+4+A(1+9+4)=0
A=-1

ON =1/ 0B+0D |
4\ (1) (7
OD=20N-0B=21|-|0|=|2| (ans)
2) (2) (2

(c)

(d)

4\ (s -1
AN=|1|-|-2|=|3
2) \a -2

Length of projection of AB onto L

= AN =\/(—1)2 +3? +(—2)2 =+/14 units

Alternatively,
Length of projection of AB onto L
1 —4 1
ABe| -3 2 |e| -3
2 -2 2

:1/12+(—3)Z+22 ) Via

:M =+/14 units (ans)

N

1+2u
0Q=| —u

2+ u
cos ZAOQ = cos £BOQ
OAe0Q 0Bs0Q

for some peR

odfod [oeloa
5 1+2u 1 1+2u
-2 |o| —u O e —u
4 2+p ) \2 2+ u

5+8+u(10+2+4) 1+4+ u(2+2)

Va5 V5

13+16p 5+4u

NG

134164 =3(5+4u)

“=z

oQ=|-%| (ans)
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14. 2 -1 3
(a) Vector equation of L : (b) AB=|0 |-|4 |=|-4
2 -3 -2 3 -5
r=2+ul0 |, ueR Length of projection of OX onto the line AB
3 2 5 (3
Cosine of the acute angle between the two lines: —4 e 4
-3 -1 — AB -7 -5 66
0 |of2 S [Vor16125| 542
2 -1 1
= NEN = s (shown) (ans)

‘5(‘=\/25+16+49=\/%

(b) Equating the two lines,

2-3u=1-1 —Equation 1 Perpendicular distance of O from the line AB
2=1+22 - Equation 2 332) 642

24+2u=3-1 —Equation 3 =40~ = (ans)

2 /U— q 5

From Equation 2,

A=3 (c) Vector equation of the line AB:

From Equation 1, -1 3

2-3u=1-3 r=/4 |(+i-4|, 1eR

Checking, from Equation 3, Let N be the foot of the perpendicular from C to the
LHS=2+1=2 line AB.

RHS =3—1=LHS Since N lies on AB,

-1+34
Position vector of the point of intersection between —
tion vee pol ON=|4-44 | forsome AeR
L and L:
3-54
_1 1
2 2 3
1+1|=|2]| (ans) .
1 s CNe| -4 =0
2 2
< -5
-1+34+6 3
15. 4-44+1 |e|—4|=0
(a) Tz:g(ﬁm—x) 3-54-9 ) (-5
2 -1 5 34+5 3
OX=20B-0A=2|0 |-|4 |=|-4]| (ans) 5-44 |e| -4 |=0
-2 3 -7 -6-51 -5
94+15-20+164+30+254=0
504 =-25
A=—2
- -1-2 -5
ON=|4+2 |=1[12| (ans)
3+2 11

3 vectors



3-16

16. 17.
(a) OA=4i+10j+6k (a) Since L, and L, intersect,
OB = 6i + 8 — 2K 1+A(1)=-1
_ A==2
OC =i+10j+3k 5
AB=0B—0A = (6i+8]—2k) — (4i +10j + 6k) Position vector: | 5 | (ans)
=2i-2j-8k 1
Equation of line L:
r=(4i+10j+6k)+ A(2i—-2j—8k), LR 3
ans
(ans) (b) L:m,=|2
— 0
(b) AC =(i+10j+3k)—(4i+10j+6k)=—3i—3k
Length of projection of AC on L Let @ be the acute angle between L, and L,.
:‘,L\_C:.,A_B“ 3 —3
-2 || 2
_|(=3i-3k) e (2i—2j—8k)| |-6+24| 1 0
- A+4464 | J72 cosd = =0.96362411
Vararer V72 | NN
18 32
62 2
6 =15.5° (ans)
(c) <
-2
18. OA=|0
-4
—_ — 1 0B=|2
AN =|AN| e (2i - 2j — 8K)——
| =
32( 1 2i—2j—8K) -2) (0
2 a2 == lr=|1 |+A]1 |, AeR
. 4 -1
=3(i-j-4k)
e 2eN (M () () (e
O—Cﬁzzaﬁ_bf:z(m_i_bz)_bz AB=0B-0A=|2 |-|0 |=|2 |=2|1
1 3 -2 -1

=2[4i-1j-2k +4i+10j+6k |

Let @ be the angle between AB and /.

—(i+10j+3k) 1 (o
=8i+9j+5k (ans) 1 lel1
: cosd = - __ 2 —ﬁ
NENCINE NP

Length of projection of AB on |
= ‘Zé‘cosﬁ =22 +2° +2° \/g
=242 (ans)
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19. 5 -2
1 20. /:r=|6|+s5|3 |, seR
(a) LetPbeon / suchthat APe|1|=0. 4 1
3 Let the foot of the perpendicular from C to the
i 1 A-1 above line be P.
AP=0P-0A=|-2+A|-|2|=|-4+2 [
34 2) \31-2 CPe3 1=0
1
A-1 1
-2
A—-4 |e|1|=0 _—
31-2) (3 (0Pe0C)s|3 |=0
(A-1)+(A-4)+331-2)=0 !
A-14+1-4+91-6=0 5-2s 2 -2
114=11 6+3s|—|3]||e|3 [=0
A=1 4—s 4)| 1
1 1
. s=—3
OP=|-2+1|=|-1| (ans) 14
3 3 7
oP=|2
2 i
(b) L :r=|-2+4 £
31 AP=|0P-0A|=| 2 |-|6
1+2u i
Lr=|2-2u 6
2+ u Yol 31a
=== units
If I, and I, intersect, 5 14
A 1+2u *
-2+ |=|2-2u Alternatively,
31 2+u Length of projection, AP
A=1+42u —Equation 1 -2
-2+ A=2-2u —Equation 2 3
31=2+ u —Equation 3 — 1 3
H =|AC——=|=—=—units (ans)
Substituting Equation 1 into Equation 2, NA+9+1| V14
—2+1+2u)=2-2u
4u=3
=y 5
A=2
Substituting Equation 1 into Equation 3,
31+2u)=2+u
3+6u=2+u
S5u=-1
u==3
Since there is no unique A4 and x, the two lines /,
and /, do not intersect. (ans)
)

3 vectors



3-18

21. 22,
(a) OALAB=0AeAB=0 8
1) (2-1 (a) OA=|3
2/e/3-2 (=0
3) (p-3 -2
1+2+3(p—3)=0 0B=|3
p =2 (shown) (ans) 4
1 - -2 8 -10
(b) oC-AB=|1 (ans) AB=0B-0A=|3 |—-|3|=|0
1 4 2) (2
AB=+/100+4 =226 (shown) (ans)
1 2) (-1 _
. (b) Vector equation of AB:
(c) BC=|1 |—|3|=|-2 8 _10
-1 \2) =3 r=/3(+4/0
Alternatively, 2 2
1
BC=AO=—|2 X
3 letr=|y|.
Vector equation of line BC: z
) 1 x) (8 -10
r=[3[+1/2(, AeR (ans) Hence, | y |=|3 |+4]0
2 3 z 2 2
x=8-104
(d) I:XT_lzy;1,2=1 /1:810)(
1 3 y=3
r=|1|+ul2|, teR 2=2+24
X 0 a1 z-2
2
Equating BC and /, Cartesian Equation of AB:
3+4 1+3u 8—x:z—2,y:3 (ans)
3424 |={1+2u 10
2+34 1
14 4 =34 —Equation 1 (c) Point B passes through /.
2424 =24 - Equation 2 Length of projection
1+31=0 —Equation 3 -10) (2
Solving Equation 1 and Equation 2, 0 °|6
u=0 |2 5) |-20+0+10 10
f=-1 2] VZieis o5
However, Equation 3 gives A =—§ 6
Hence, the two lines do not intersect. 5
Furthermore, they are not parallel since i+2j+3k (ans)
is not parallel to 3i+2j. Hence, the two lines are
skew. (ans)
)

cosmic
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~10) (2
() |0 |e|6|=(104)(\/65)cosO
2 5
c059=_20+0+10
V10465
0 =96.98°

Acute angle between AB and /

=180°-96.98°=83° (ans)
(e)
‘VA
3 I
B N
—_—
2

-2 2
ON=|3 |+t| 6| for some value of t
4 5
-10+2t
AN =0ON-OA=| 6t
2+5t
-10+2t) (2
6t e 6[=0
2+5¢t 5
—20+4t+36t+10+25t=0

65t=10 —, t=2=2

13

By Ratio Theorem,

— OA+OA'
ONZT

44 148
= (8) [T
OA'=20N-0A = % -3 %

124 2 98
13 13

(ans)

23.

(a)

(b)

3 -1
OP=|4|+s|2 |forsome seR
1 0
Since OP is perpendicularto /,
-1
OPe|2 |=0
0
3-5s -1
4+2s (8|2 |=0
1 0
-3+s+8-45=0
s=-1
3 1 4
OP=|4|+|-2|=|2 (ans)
1 0 1
3 -1 6 1
Llet |4 |+s|2 |=|a|+t|3

1 0 0 a
3-s=6+t —Equation 1
4 +2s=a+3t —Equation 2
1=at —Equation 3
From Equation 1,
s=—-3—-t —Equation4
Substituting Equation 4 into Equation 2,
44+2(-3-t)=a+3t
5t =—2—a — Equation 5
Substituting Equation 5 into Equation 3,
5=a(-2-aqa)
a’+2a+5=0
(-1 +4=0
Since there are no real solutions for the equation
(a+1)> +4 =0, there does not exist real values of
a such that the two lines | and m intersect.
Hence, the two lines do not have a common point.
(ans)

3 vectors



1) (0
3|e|0
a 1
(c) cos60°=
10+a*(1)
L
' J10+d?
40° =10+d°

24. 2B

Il
[Eny

D=| -1

Since AB and CD are perpendicular,
ABeCD=0

—-a+5-1-2b=0

a+2b=4 —Equation 1

Since the lines AB and CD intersect,

2 -1 5 a-5
3+A4|1 |=|2|+xl -1
2 -2 0 b
2-1 S5+ ua—-5u
3+4 |=|2-u

2-22 ub

2—-A1=5+pua—-5u —Equation 2

#+A=-1 —Equation 3

p#b+21 =2 —Equation 4

From Equations 1 and 3,

a=4-2b

u=-1-1

Substituting into Equations 2 and 4,

2—A=5+ua—-5u

2-A=5+(-1-A)(4-2b)-5(-1-1)

2-A=5-4+2b-41+2bA+5+54

—4=24+2b+2bA

b:—Z—/‘L
1+4

—Equation 5

ub+24=2
(-1-A)b+24=2
—2+24

1+4
Equating Equations 5 and 6,
-2-1 -2+24

144 1+4
—2-A1=-2+421

A=0

b=-2

a=4-2(-2)=8 (shown)

=b — Equation 6

Point of intersection between AB and CD:

This point is coincidentally OA.
Length of projection, ‘A—B‘

=1 +212+2° =/6 (ans)

25.

Vector equation of line /, :
r=2i—j+4k+s(i+j—3k) or
r=i—-2j+7k+s(i+j—3k)
Vector equation of /,:

-2 a
r=|2 |+A|b|, AeR

2 0
When the two lines intersect,
2+s -2+ Aa
—1+s|=|2+4b
4-3s 2

2+s=-2+4a —Equation 1
—1+5=2+ 1b — Equation 2
4 -3s=2 —Equation 3

or

When the two lines intersect,

1+s -2+ Aa
-2+s|=|2+Ab
7-3s 2

1+s=-2+4a —Equation 1
—-2+s=2+Ab — Equation 2
7—-3s=2 —Equation 3

From Equation 3,

s=2ors=2

Point of intersection:
2i—j+ak+2(i+j-3K)=2i—3j+2k

Advanced Mathematics - Drill Solutions
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2

Substituting s=4% into Equations 1 and 2,

3

Aa=%
Ab=—%
Thus, a=-2

Direction vector of 1, :

-2 - 1
1 |ef1 |=|1 1 |cosé
-3 0 -3
c056'=ﬂ
Js5

6=82.3° (ans)

26.

o

AB=0B-0A=|b-1

N

Since I, and /, intersect at right angles,
2
ABe|3 |[=0
-6
0 2
b—1|e| 3
2 -6

b=5

=3(b-1)-12=0

Lir=|1 |+4]4]|, 1eN
-1 2

Since /, and /, intersect,
1+2t a
—2+3t |=|1+44
5-6t -1+24
142t =0 —Equation 1
-2+3t=1+44 —Equation 2
5-6t=-1+21 —Equation 3

Solving,
t=1
a=3

Plieson [,
1+2t
OP=|-2+3t
5-6t
—2+2t
BP=0OP-0B=|-7+3t
4 -6t
‘Epr = (<242t + (=7 +3t) + (46t
69 = 49t* — 98t + 69
49t(t —2) =
t=0ort=2
1 5
OP=|-2|oroOP=|4 (ans)
5 -7
27.
9
(@) a=|-2
1
6
b=|2
6
6 9 -3
AB=b-a=|2|-| -2 |=
6 1
9 -3
LineAB: r=[-2|+A|4 |, AeR
1 5
9-31
OC=|-2+42
1+54
9-31 -3
—2+44 |e| 4 |=0
1+54 5

—27+94-8+164+5+254=0
504=30

A=32
9-3 ) (%
OC=|-2+%2|=% | (ans)
1+3 4

3 vectors



3-22
(b)

D C
2
P
1
A B
AB=2a
Let AT:TP=1-A:A,and BT:TQ=1-u:pu
20
AT=(1-1)AP=(1-1)| 2g
3

=(1- u)AQ+ 1AB

—a a 2a
=(1-u) »a |74,

201-A)=(1- p)a+2ua
20-A)=1+pu

2-2A=1+u
#=1-24 —Equation 1

Za(1-2)=(1-)(2a)
1-4=3-3u

34 =2+ —Equation 2
Solving Equations 1 and 2,
1-2A=3(2+2)
3-64=2+41

724=1

A=1

AT:TP=%:1=6:1 (ans)

7

1+u
OM = —-2u
4+ pu
1+ u 1 H
PM=|=2u |-| -4 |=|4-2u
4+ u 2 2+ u

‘W‘:\/,uz (=20 +(2+ u)

=\/64’ —12+20 (shown)

Since \/6/12 —124+20 :\/6(,u—1)2 +14,
Shortest distance =+/14 when u=1

Alternatively, by using differentiation,

9 ot —12+20 =212
dx 264> —1240+20

For the shortest distance,

i«/G,uz —124+20=0 and
dx
2

d

Fqlsyz —1244+20 >0, therefore the shortest
X

124-12

2647 =124+ 20

is, when 1 =1.Hence, the shortest distance is

\6(1)2 —12(1)+20 =14 (ans)

distance occurs when =0, that

28.
0) (1
2 |e| =2

(a) cos@= ! 1)_3
NCNIRNEY)

Acute angle required
=180-123.2=56.8° (ans)

(b) When A=-1,
1 0 1
r=|-2|+|-2|=|-4
3 -1 2
Therefore, I, passes through the point P.
Let M be any pointon /,.

29.

(a)

-8 2
L:ir=|5 |+ 2|, AeR
-1 1
0
z-axis: r=4| 0
1
2 0
-2 |0
0 1 1),
cosfd = Joi =3

6 =70.5° (ans)
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(b) Let N be the foot of the perpendicular of the origin
from /. Since N lieson /,

-8+24
ON=|5-24 | forsome A
-1+ 4
—8+24 2
5-21 |e|-2|=0
-1+4 1
-16+41-10+41-1+1=0
91 =27
A=3
-2
ON=|1 (ans)
2
—8+24 6a
(c) Let|5-24 |=|-4da|.
-1+1 a

—-8+21=6a —Equation 1
5-2A1=—-4a - Equation 2
-1+ A=« - Equation 3

Equation 1 + Equation 2:

—3=2«x

a=-3

A=}

Substituting into Equation 3,
“1+i=a=-%

-9

Point of intersection: OP=| 6

ol
P
N
Q
-4
0Q=20N=| -2
4
-9\ (-4)\ (-5
aP=|6 |-|-2|=|8
_3 4 _u

Equation of mirror line:
-9 -10

r=\6 |+y|16
-3 -11

, 7€R (ans)

0C=3b+3(3a)=4(a+b)
-bec=-bei(a+b)
=—i[bea+beb]

3

=1 |b|.|a|cos4so+|b|2]

=-1[15\2 +25]
=2 3\/E+5) (ans)

[
=—§{(5)(6)7

[

(

3 -2
L:r=10 |+4|4 |, AeR
-2 -1

1 2
L:ir={0|+u/ 1|, ueR
3 1
Suppose [/, and /, intersect,
3-24 1+2u
iy =l u
-2-1 -3+ u

3-2A=1+2u —Equation 1
41 = u —Equation 2
—2—-A=-3+ u - Equation 3
Solving Equations 1 and 2,
A=1

B
4
5

ﬂ:

3 vectors



Substituting into Equation 3,
LHS=-2-+=-%

5
RHS=-3+4=-%
Since LHS=RHS, I, and [, intersect.
Coordinates of point of intersection:
C(%,4,-4) (ans)

57’57 5

(b) Let @ be the acute angle between /, and /,.

-2\ (2
4 |e|1
-1) (1
cosf =
JE2P + 82 + (-1 N2 + 17 + 12
1
V216

0 =84.9° (to the nearest 0.1°)

Let N be the foot of the perpendicular fromAto /,.

A
84.9° /
N 2
3 2 2
CA=OA-0C=|0 |-|% |=1-4
—2) (—z] (1
5
_ J21
‘CA‘ =12 +(-a) + 12 =
AN
sinZACN = —
AC

21

AN = Tsin84.9° =0.913 (ans)

(c) Let B be the reflection of A in the line /, .

A
O 3
[}
N 2
B
Since N lieson /,,
1+2u
Let ON = 7 for some ueR.

-3+ u

1+2u 3
AN=0ON-OA=| u -l 0
-3+u -2
Since A—NLIZ,
2
ANe|1 (=0
1
—24+2u) (2
7] e/1(=0
-1+ u 1
“A4+4pu+pu—-1+pu=0
H=3
H
o -| 2

13
6

By Ratio Theorem,
ON = %(ﬁ + O—B)

aln wlo
w

OB=20N-0A=2
_n | =2

6

0B=1(7i+5j-7k) (ans)

-24+2u

Y7,
=1+ u

32.

(a)

1 1
L:r=|3|+4]2 |, AeR
4 -1

1+4
ON=|3+21 | forsome 1eR
4-1
2+ 4
AN=ON-0A=|2+22
-6-A4
1
ANe|2 |=0
-1

2+A+4+41+6+1=0
A==-2

-1
ON=|-1 (ans)

6
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1 -4
(b) OB=|3|, PB=|-8
4 4
2
AB=|2
-6
cos ZPBA = Ff.f = —8-16-24
‘PB AB‘ Jo6/a4
=-0.73854

/PBA=137.6° (ans)

(c)
I

N\\\\;zik\P

P

Area of AAPN = Area of AAP'N
I, is parallel to AN .

0 0
AN=|-2 |=-2|1
-4 2
5 0
Lr=|11|+ul1|, ueR (ans)
0 2
33.
(a) X_8:4b—y:z—3
X=8+2u
y=4b—p
z2=3+u
Equation of /,:
8 2
r=|4b |+u|-1|, teR
3 1
Since I, passes through B(6,-3,2),
6 8 2
—3|=|4b |+ul -1
2 3 1

(b)

(c)

~3=4b+(-1)(-1)
4b=-4
b=-1

Alternatively,
Substituting x=6, y=-3 and z=2 into equation

of 1,,
6-8
—=4b—(-3)=2-3
2
~1=4b+3=-1
b=-1
Equation of /,:
8 2
r=|-4|+ul -1, ucR (ans)
3 1
4 9 1
Let | -2 |=|-2|+A4|0
1 6 1
Unique answer:
A=-5
A(4,-2,1) lieson I, .
4 8 2
Llet | 2 |=| -4 |+u -1
1 3 1
Unique answer:
H==2

A(4,-2,1) lieson |, .
Since A(4,-2,1) lieson both /, and ,, I, and |,
intersect at A(4,-2,1). (ans)

9+ 4
SinceCison [, oC=| -2
6+4
9+ 4 6 3+4
BC=0C-0B=|-2 |-|-3|=|1

6+4 2 4+ A

BC is parallel to L.

3+4)(2
1 -1|=0
4+ A\ 1
6+24-1+4+1=0
A=-3

6

oc=|-2 (ans)
3

3 vectors



3-26

(d) Let & betheangle between /, and /,. Normal of T1,:
2 1 -2 1
n,=|2 [x|0 |=|0 |=-2|0
-2 -1 -2 1
1
Thus, [,: re| 0 |=0
1
2 1
And, [[,: re|5|=|1|e| 5|=10
1 2
3 1
0fef -1
-1 -1 0
cosﬁ—ll—s—ﬁ AB=0B-0A=|3 2 1
V246 V12 2 Bt B
2 1 1
o=" .
6 Length of projection of AB on [],
Least value of n=7 (ans) 0 1
¥ _|aBx o] 1 [x| 5 |-
In,] V27
2 1 1 1
34. /:r=|2|+4|0 -4
1
, V7|
[, :re|2|=2 X+y+z=2, x+z=0 and x+5y+2z=10 intersect
p at /.
Since /, lieson [1,,
5 1 Alternatively,
For I1,,
2(e1]|=2
1 2 1
P i 2 [o|5|=10
=-2 (shown
p (shown) Sl
1
Also, since [, 1| 1], lies on 1, .
1 -2
1 1 When A=1,
O|e1|=0 3 1
q 1 2 |e|5|=10
g=-1 -3) (1
2 1
hir=12 \+4)0 also lieson [1,.
-2 -1 3
-1 B 2 3
When A=-3,r=|2 [=0A (verified) Since |2 |and |2 |liesbothon / and II;, I1,,
! 2 -3
I, and [1, all intersect on the line /, .
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11 1)x 2 3 2
Solving|1 0 1fy|=|0 |, (b) let OC=|1 [+a|1 | forsome ac®R.
15 1)\z 10 0 -1
y=2,x+z=0 BAeBC=0
Let H=Z, X=—U 0 0 2
0 1 -2 |e® -2 |+all =0
Thus, r=| 2 |+u|l 0 | whichisline /. 0 0 -1
0 1 Solving,
[1,, I1, and T1, all intersect on the line /,. (ans) 7
0 a=2 and OC=|3
-2
35. ) . o Since CD=AB,
(a) Substitute the equation of line into that of plane: 2 0
1 0 1 J—
OD—-|3 |=|2
A1 |+u|1||e|0|=3 andget 1=3-24. 5 0
0 1 2
7
Substitute 4 =3—-2u into .
OoD=|5 (ans)
1 0 3 -2 5
[L:r=6-2u) 1 [+u|1|=|3|+u -1
0 1 0 1

(c) Observe that O lies on [T, . The midpoint of OA

which is (2,%,0) then lies on .
Alternatively, (z 2 ) I,

Substituting ,u—% (3—4) into [1, 1 0 1
Compute n, =| 1 |x| 1 |=|-1].
301 +ﬁ 0 1 1
1 2\ 1
Shortest distance re —1|=|3 e -1
2 0 2 1 0 1
— 1 1
=|ABx—|1 |=|2|x—=|1 1
J6 J6
-1 6 -1 rel —1 |=1 (shown)
-2 1
_1 0 =\/§ (ans) Let F be the foot of the perpendicular from A to [1,
Ve 4 and pick a point £(1,0,0) on IT,.
1 1 1
— | —( 1 1
SAFTTN I E8 A
\/§ 1 \/E 1 1
8
Thus, ﬁ:ﬁﬂﬁ:% 4 (ans)
-1

3 vectors



3-28

0

Equationof [, :r=| -1|+A| -2 |, AR (ans)

36.
0
(a) Direction vector of [ : | -2
5
2
3
4
(b) 0B=|13
-3
2
ON=|-1-24
3+54
-2
BN=ON-0B=|-14-2A
6+51
0
BNe| —2|=0
5
-2 0
—-14-24 |e¢| =2 |=0
6+51 5
28+44+30+254=0
291 =-58
A==-2
-2
BN =| —10
-4
Equation of line BN:
4 1
r=13 |+ 4| 5| (ans)
-3 2

5

37.

(a)

(b)

(c)

5
Il,:re| -4 |=15
3
Distance of A from 1,
6 5
2 |e| -4
_[\-6 3 15
| Vs Js0
|4 15| mn
V50 Vso| s0
.4
50 50

A and O are on the same side of [, (ans)

5 6 -1
Vector parallelto [, =|2 [-|2 |=|0
Normal vector of [1,
-1 1 4 2
=0 |x|2 =|-12 |=2| -6
-2 -10 -2 -1
Angle between [1, and I1,
5 2
—4 |e| —6

3 -1 |
=cos™’ = cos’l|

V5041

=46.8° (ans)

Equation of T1,:

2 6 2
re| 6|=/2 |e -6
-1 —6 -1
2
rel 6 |=6
-1

5x -4y +3z=15 —Equation 1
2x —6y —z=6 —Equation 2
x+8y+az=b —Equation 3
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For line of intersection of [, and [1,:

5 -4 3 15
A=
2 -6 -1 6

After RREF,

A:{l 01 3}
0130

X+z=3

xX=3-z

y+3z=0

y=-32

X 3-z 3 -2

y|=|—-3z |=|0|+u -1

z z 0 2
3 -2

r=|0|(+ul -1
0 2

Let #=0,1.

Two points on common line:
(3,0,0) and (1,-1,2)
Substituting into x+8y+az=b,
3+8(0)+0a=»b

b=3

1-8+2a=b

20-b=7

20=10

a=5

Alternatively,
Since the common line lies in 15,

3 -2 1
O|+u|-1]||8|=b forall u.
0 2 a
3-2u—-8u+2ua=>b
3—p4(10-2a)=b
b=3 and a=5 (ans)

38.

(a)

(b)

1 3 0
Given: OA=|0 ,073: 1 ,sz =51,
-2 -1 -7
2
AB=|1
1
-1
AC=|-5
-5
Normal to [1,:
2 -1 0 0
n=|1|x|-5|=]9 |=9|1
1 -5 -9 -1
Vector equation of I1;:
0 1 0
rejl (=0 |eo|1
-1 -2 -1
0
rell (=2 (ans)
-1

Equation of line /; :
1 2
r=/0 |+4|1
-2 1
1+24
OR=| A
-2+
1+24
CR=| 145
5+4
CR L AB
1+24 2
A+5 |e|1]=0
5+1 1
64+12=0
A==-2
-3
Hence, OR=|-2 (ans)
-4

3 vectors



3-30

(c) Normalto I1,: 39.
2 (a)
n,=AB=|1 B(7,18, —1)
1 e
Vector equation of [1,: A
2) (0 2 A@2,02) EN
rell|=|-5|e¢1 ™
1 -7 1
2
B
re|1|=-12 (ans)
1 1
I, :re|—2|=4
(d) 3CR=2cQ 1
cQ=3CR -7\ (1
-3 0 -1 Iy ¥ =18 [+ 4| 2|, 1eR
cQ=3|-2|-|-5||=21 -1) (1
-4) (-7 1 -7+
-3 3 -6 2 ON =|18-24 | for some AeR
BR=|-21|-1 |=|-3|=-3|1 -1+ 4
-4) (-1) (-3 1 -7+4 ) (1
Q=243 Thus, | 1821 |¢| -2 |=4
-1+1 1
BR=36
. -7+1-2(18-21)-1+1=4
Area of ABCQ=+5CQxBR -8
ol s )
ON=|18-2(8) |=| 2 | (shown)
Alternatively, —1+8 7
. 1 Perpendicular distance
B=3|2 :‘EV‘:‘O—N—O_.B‘
2
1 -7 1
. o =|2|-|18 |=|8| -2
Area =1|cBxCQ|=4[3) 2 x| 1 N .
2 1
=8/1+4+1=86 (ans)
0 0
@) 2 |-2
3 3
=2./18 =52 (ans)
%
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(b)

(c)

(d)

2 1
O|e| -2 |=2+2=4
2 1
Therefore, point A lies in 1, . (verified)
AB' = AB +2BN
-7 2 8 7
=18 [—-| 0 |+2| -16 |=| -14
-1 2 8 13
7 7
—14 | is parallel to | 14 | (shown) (ans)
13 -13
—7 2 -9 3
AB=|18 |-| 0 |=|18 |=-3| -6
-1 2 -3 1
Two vectors parallel to 1, :
3 1
—6|and | -2
1 1
3 1 —4 2
—6 |x| -2 |=|-2|=-2|1
1 1 0 0
Vector perpendicular to I1,:
2
n,=1
0
Also, point A lies in 1, .
2 2 2
Therefore, r={1|=|0|e|1 [=4
0 2 0
2
Equation of [,: re|1 |=4 (ans)
0
T2
| B
M3
A N
ALK

Distance A from [1,

- {04
1 2 -1
=[2|-lo|=|2
7 2 5

=\J1+4+25=430 (ans)

(e) Acute angle between /; and [],

1430

=/ABN = tan'IM =tan" ——
BN NG

=15.6° (to 1 decimal place) (ans)

40.
p 1

(@ L:r=|3|+4|1|, 1eR
7 0

Given: g=1 and p=4,
Since Clieson [,
4 1
oC=|3[+|1
7 0
4 1
AC=0C-0A=|0 |+|1
4 0
TCL/Z:
4+2) (1
A ¢ 0|=0
4 2
A=-12
&:—Si—9j+7k (ans)

(b) AB=gi+2k
Given:
Acute angle between /, and /, =60°

1) (q
1(e|0
0 2

cos60° =

V2’ +4

2q? +4=2q

g=7%2 (ans)

3 vectors
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